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Abstract. Motivated by Voiculescu's liberation theory, we introduce the orbital free entropy 
Xorb for non-commutative self-adjoint random variables (also for "hyperfinite random multi- 
variables"). Besides its basic properties the relation of Xorb with the usual free entropy x is 
shown. Moreover, the dimension counterpart 5rj >0 rb °^ Xorb is discussed, and we obtain the 
relation of Sq or t, with the original free entropy dimension <5q with applications to <5n itself. 



Introduction 

We propose a somewhat new approach to Voiculescu's theory of free entropy (see e.g., [57] 
for a survey), and introduce the orbital free entropy Xorb(-^i) • • • s X n ). This quantity is an 
extension of the projection free entropy Xproj(pi, ■ ■ • ,Pn) studied in [11] following Voiculescu's 
proposal in [26| . Our essential idea is to restrict microstates for (X\, . . . , X n ) to unitary-orbital 
ones, that is, to use only the unitary parts of microstates with disregarding the diagonal parts 
under their diagonalization. We prove the exact relation (Theorem [ 



x(x u . . .,x n ) = XorbiXu . . .,x n ) + J2x(x l ) (0.1) 

i=l 

between Xorb and the usual free entropy \ as naturally expected from the definition. The 
particular formula 

-Xorb(V, Y) = - X (X, Y) + x(X) + X (Y) 

resembles the expression I(X;Y) = —H(X,Y) + H(X) + H(Y) of the classical mutual infor- 
mation in terms of the Boltzmann-Gibbs entropy H{-). It should be emphasized here that this 
expression of I(X; Y) motivated Voiculescu to develop his liberation theory and introduce the 
mutual free information i* in [26]. In this way, we may regard — Xoib(X, Y) as a kind of free 
analog of the mutual information and also as one possible microstate version of the mutual 
free information i*(W*(X); W*(Y)). Among other properties, we prove (Theorem 13. ip that 
Xorb(Vi, . . . , X n ) = if and only if X\, . . . , X n are freely independent without any extra as- 
sumption. Together with the relation (jO.ip this directly implies the characterization [521 HI] of 
freeness by the additivity of x- The proof of the theorem is based on a certain transportation 
cost inequality as in the projection case in [TT] . An advantage of our orbital approach is that one 
of equivalent definitions of Xorb as well as its all properties is valid even for non-commutative 
random multi- variables Xi, . . . , X„ each of which generates a hyperfinite von Neumann alge- 
bra W*(Xj). But the present definition obeys the essential restriction of hypefinitcness due to 
Jung's result [15] (or Lemma [L2j below). 
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Furthermore, we study the dimension counterpart <5o,orb of Xorb for hypcrfinite random multi- 
variables Xi, . . . , X„. It is defined similarly to the modified free entropy dimension <5o with re- 
placing the semicircular deformation by the liberation process ([26 ). The <5o,orb cn joy s proper- 
ties similar to Sq; for example, <5o, rb(Xi, . . . , X„) = if Xorb(Xi, . . . , X„) > — oo (in particular, 
this is the case if Xi, . . . ,X„ are free). Moreover, we prove the covering/packing formula of 
<5o,orb based on Jung's approach |121 113] to Jo, and furthermore we prove the following general 
formula: 

n 

(5 (Xi U ■ ■ • U X„) = (5 ,orb(Xi, . . . ,Xn) + ^2 ^o(Xi). 

i=l 

The orbital theory developed in this paper has several applications to the original free entropy 
dimension Sq itself. Among others, the most important one is the following lower semicontinuity 
result for 5q: Let Xi,...,X„ be hyperfmite random multi- variables, and assume, for each 
1 < i < n, that we have a sequence of hyperfmite random multi- variables X^ converging to 
Xj in moments. In this setup, we will see that, if xj C W*(X.i) is further assumed for every 
k G N and 1 < i < n, then 

liminf S (X.[ k ) U • • • U X^) > <J (Xi U • • • U X n ). 

k — >oo 

Note here that the lower semicontinuity of <5o was shown by Voiculescu in the single variable 
case, see j27) for the history on the semicontinuity problem of So until that time. Also, a certain 
related result was obtained by Jung [T21 Lemma 7.3] based on his result on the Sq of hyperfmite 
algebras. However, Shlyakhtenko |18| pointed out that Sq is never lower semicontinuous in gen- 
eral. Our result is probably the first affirmative semicontinuity result for <5o of non-commutative 
nature. 

Acknowledgment. This work was completed during the third-named author's stay in the Fields 
institute in 2007. He would like to thank the institute for hospitality and also acknowledge 
Professor George Elliott for inviting him to the operator algebra program. 

1. Preliminaries 

1.1. Notations. We will use the standard notations; M/v(C) denotes the NxN matrix algebra, 
Trjv stands for the usual (non- normalized) trace and tr^r := N~ Trjv for its normalization. The 
operator norm of a bounded operator a is denoted by ||a||oo- For a (tracial) state on a C*- 
algebra A we write ||a||p,0 := 4>{\a\ p ) 1 / p for a £ A and 1 < p < oo. Let Mff be the set of all 
NxN self-adjoint matrices. Let TJ(iV) be the NxN unitary group and T(N) be its (standard) 
maximal torus consisting of all diagonal matrices in U(iV) (isomorphic to the A^-dimensional 
torus T N in the obvious way). We also use the NxN special unitary group SU(iV) in some 
places. The canonical quotient map from U(iV) onto the left coset space U(iV) /T(N) is denoted 
by q}y. We denote by Ttr(jv) the Haar probability measures on U(iV) and by 7u(jv)/t(jv) the 
probability measure on \j(N)/T(N) induced from 7tj(at); that is, 7u(jv)/t(jv) = 7u(JV) 

The Haar probability measure on SU(iV) is similarly denoted by 7su(iV)- 

1.2. Matricial microstate spaces. The following measure-space isomorphism is well-known: 

$ N : ((U(iV)/T(A0) x R£,7u(ad/t ( ad ® Mjv) = (M s N a ,A N ), (1.1) 

where 

• R> denotes all (xi, . . . ,xn) G B. n with x\ > X2 > ■ • ■ > xn, 

" (27r) Ar(Ar_1)/2 

• fijy := C N \\{xi - Xj) 2 dxi with C N := — jv _ 1 ■ — , 

i<j i=l llfe=l 
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• An is the usual Lebesgue measure on Mf^ = R^ 2 . 
The map is given by the continuous surjection 

([U],D) G (U(iV)/T(iV)) x R> h-> UDU* G Affr 

with identifying (x%, . . . ,xn) G R> with the diagonal matrices D whose diagonal entries are 
xi, . . . ,xn in decreasing order from the upper diagonal corner. In what follows, we will identify 
an element in R w with a diagonal matrix in this canonical way. The above description of Mf^ 
will be a key of our approach. 

1.3. Technical lemmas. Here we recall three well-known lemmas, which will be main technical 
ingredients in our discussions. The first lemma is just a reformulation of Voiculcscu's lemma 
[H Lemma 4.3] (also Lemma 4.3.4]). 

Lemma 1.1. Let 1 < p < oo, R > and e > be all arbitrary. Then there exist an to G N 
and a S > so that for every N G N and every pair of diagonal matrices D\ , D2 G R> with 
\\D 2 1| 00 < -R, i^e condition 

|trjv(-Di) - trAr(L>^)| < <5 for all 1 < k < m 

ensures that \\Di — I^llp.trjv < £ - 

Among some generalizations of Voiculescu's lemma above, an ultimate result due to Jung 
[T5] is the following: 

Lemma 1.2. (Jung |15| ) Let M be a von Neumann algebra with a faithful normal tracial state 
t , and assume that M is embeddable into the ultraproduct R w of the hyperfinite II\ factor and 
has a finite number of self-adjoint generators, say X\, . . . , X n G M . Let 1 < p < 00 be given. 
The following properties are equivalent: 

(1) M is hyperfinite. 

(2) Any two embeddings of M into are unitarily equivalent in R w . 

(3) For each e > there exist an m G N and a S > so that for every N G N, if two 
n-tuples {A u ...,A n ),{B u ..., B n ) G {M s N a ) n satisfy 

\tv N (A tl ■■■A ih )- r(X n ■■■X ik )\<S, \tr N (B h ■ ■ ■ B ik ) - r(X n ■ ■ ■ X ik )\ < 6 

for all! < i\, . . . , ik < n and 1 < fc < m, then there is a single unitary U G U(A^) such 
that \\UAiU* - S,|j Pjtrjv < £ for 1 < i < n. 

Remark that Jung dealt with only the 2-norm || ■ ||2.trjv but his argument clearly works for 
any p-norm. 

Let (A, 4>) be a non-commutative probability space, and be a family subsets of A. Let 

(A* 1 , (f)* 1 ) be the free product of copies of (A, <fi) indexed by /, and denote by ii the canonical 
embedding of A onto the ith copy of A in A* 1 . For each e > and to G N we will say that 
(ili)i e i arc (m,e)-free in (A, <f>) if 

\4>{a x ■ ■ -a k ) - (f)* 1 (^(01) • • • k k ( a k))\ < £ 

for all a,j G Qj, , ij G / with 1 < j < k and 1 < k < m. The next result due to Voiculescu [25l 
Corollary 2.13] is a key ingredient when dealing with the freely independent situation. 

Lemma 1.3. (Voiculescu [25]) Let R > 0, e > 0, 9 > and m G N be given. Then there exists 
an Nq G N such that 

7^) ({(Ut, ...,U P )G V(N) P ■ ■ ■ , T^}, {U.TPul,. . . , UtT^un, 

{UpT^U;, U P T^U;} are (to, e)-free}) >l-9 
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whenever N > N a and e M N (C) with WT^W^ < R for 1 < j < q i; 1 < % < m, < % < p 
and 1 < p < m. 

2. Orbital free entropy Xorb and its basic properties 

Throughout this section, let (M, r) be a tracial W* -probability space and (X±, . . . ,X n ) be 
an n-tuple of self-adjoint random variables in (M, r). We will use the standard notations such 
as the microstate set Tr(Xi, . . . , X n ; N, m, 6) appearing in the course of defining the microstate 
free entropy x(Xi, ■ ■ ■ , X n ) (see We define a free entropy-like quantity as follows. 

Definition 2.1. For each S > 0, m, N £ N, R > and 1 < i < n, we denote by A R (Xi]N, m, S) 
the set of all N x N diagonal matrices D e M> satisfying < R and \tr N (D k ) -r(Xf) | < 6 

for all 1 < k < m, and by T OI b,B.{Xi, . . . , X n ; N, m, 6) the set of all ro-tuples (Ui, . . . , U n ) of 
N x N unitary matrices such that there exists an n-tuple (D\, . . . , D n ) in J\™ =1 Afj(Xi; N, m, 6) 
satisfying 

iME^Axtffa ' ' ' U lk D lk U* k )~ r(X n ■ --X ih )\ < 5 
for all 1 < i\, . . . , ik < n with 1 < k < m. We define 

Xorb,i?(^i, ■ ■ ■ , X n ) := lim limsup log7®," ,(r or b,fl(Xi, . . . , I n ; TV, m, J)), 

and 

Xorb(^l, ■ ■ ■ , X n ) := SUp Xorb.i?.(-Vl, ■ ■ ■ , X n ). 
R>0 

The above definition of r or b,_R(Xi, . . . , X n ; N, m, 5) clearly contains a superfluous condition. 
In fact, it can be rephrased more simply as the set of all (Ui, . . . , U„) €E U(N) n such that 

{UtDxUt, . . . , U n D n U*) e r fl (Xi, . . . , X„; N, m, 6) (2.1) 

for some diagonal matrices D\, . . . , Z?„ € R> . The map $jy : {[U],D) i— > UDU* in (|1.1[) gives 
rise to the continuous surjection : (U(iV)/T(iV))" x (R^)" -> (Mff) n , which provides a 
measure-space isomorphism between those measure spaces. Denote by pr^ the projection map 
from (U(N)/T(N)) n x (R^) n onto the first n factors (U(N)/T(N)) n . It is obvious that 

(4)"(r or b.fl(^i, • • ■ , X n ; N, m, 6)) = pv v N ((^)- 1 (r fi (X 1 , ...,X n ;N, m, J))) , 

so that r or b,fl(^i, . . . , X„; iV, m, S) is essentially the projection of Tr(Xi, . . . , X„; JV, m, <5) to 
the unitary part via matrix diagonalization. 

In the following let us introduce two more definitions of Xorb- The first one is a slight 
modification of Xorb(Xi, . . . , X n ), where the (operator norm) cut-off procedure is removed. 

Definition 2.2. We define r orb (Xi, . . . , X n ; N, m, S) to be the set of all (Ui,...,U n )e \J(N) n 
satisfying (|2.ip for some D\, . . . , D n € R> with the microstate set T(Xi, . . . , X n ; N, m, S) with- 
out cut-off by parameter R. Define 

Xorb,oo(-Xi, ■ • • , X n ) := lim limsup-^ \og^? m {T OTb (Xi, ...,X n ;N, m, 8)). 

The next definition is a natural generalization of the projection free entropy Xproj introduced 
and studied in [TTj following Voiculescu's proposal in [26l 14.2]. 

Definition 2.3. For each 1 < i < n let us first choose and fix an n-tuple (£i,...,£ n ) of 
sequences ^ = {^»(iV)} of &(N) e M™, N eN, such that &(N) converges to X t in moments 
as N — * oo for 1 < i < n. (Of course such sequences always exist.) We define r or b(^i, . . . , X n : 
£x(N), . . . ,£ n (N);N,m,6) to be the set of all {U 1 ,...,U n ) eU(JV)" such that 

\tr N {U^AN)Ul ■ ■ ■ U ik t ik (N)U* k ) - r(X n ■ • ■ X ih )\ < 5 
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for all 1 < ii, . . . , ik < n with 1 < k < m, that is, the set of all (A, . . . , U n ) £ XJ(N) n such that 
{UMN)U*)f =1 is in T(Xx, . . . , X n ; N, m, S). Define 

XorbP^l, ■ • • ,X„ : £l, . . . ,£„) 

:= lim lim S up-^log 7 §" (T arh (X 1 ,...,X n : ^(N),.. .^ n (N);N,m,S)). 

The next lemma asserts that all the three definitions in Definitions I2.1H2.3I are equivalent. 
Thus, all the quantities will be denoted by the same symbol Xorb, and we call Xorb(^i 7 ■ ■ ■ , X n ) 
the orbital free entropy of (Xi, . . . ,X n ) since the definition is based on "unitary-orbital mi- 
crostates." 

Lemma 2.4. For any choice of R > maxi<j< n 1 1 | j oo and for any choice of an approximating 
n-tuple (£i, . . . , £„) one has 

Xorb,oo(-Xl, ■ • ■ ! X n ) = Xorb (^1 j ■ ■ ■ , X n ) 

= Xorb,fl(^l, • ■ • j X n ) 

= Xorb(^l, ■ ■ ■ j X n I £l, . . . , £n). 

Proof. First, due to the invariance of 7u(tv) under unitary conjugation, we may and do assume 
that . . . , £„) is an n-tuple of sequences & = {Di(N)} of diagonal matrices in R>. Then it is 
obvious that r orb pfi, . . . , X n : A (AO, . . . , D n (N);N, m, S) C r orb (Xi, ...,X n ; N~m, 5), which 
implies Xorb(^i, ■ ■ • , X n : £ x , ■ ■ ■ , f n ) < Xorb.oo^i: • • • j X n ). Moreover, one can choose Di(N) 
so that || .Dj(iV) | loo < ||-X"i||oo f° r all AT G N. In this case, whenever R> R := maxi<j<„ ||Xi||oo, 
one has 

r orb (Xi, . . . , X n : D X (N), D n (N);N, m, 8) C r orb)fl (X!, . . . , X n ; N, m, S) 

and hence Xorb(^i, ■ ■ • , X n : £i,...,£„) < Xoib,R.( X U ■ ■ ■ , X n ) (< Xorb,oo(Xi, • • • , X n )). Thus, 
it suffices to prove that for any approximating sequences £j = {A (AT)} and for every m £ N 
and 5 > 0, there are an m' £ N, a <5' > and an A*o G N so that 

r orb (Xi , . . . , X„; N, m', 5') C r orb (X 1 , . . . , X n : A (N) , . . . , D n (N) ; N, m, 8) (2.2) 

for all iV > N . Choose a p £ (0,1) with m(i? + < (5/2. By Lemma O one can 

find an m! £ N with m' > 2m, a (5' > with 5' < min{l,<5/2} and an N £ N such that 
for every 1 < i < n and every A £ R> with N > AT , if |trjv(Df) - r(X, fe )| < 5' for all 
1 < k < m', then || A - A(A0IL,tr w <~p- Suppose N > N and (A, ...,U n ) is in the left- 
hand side of ((221) so that (AA^*)™=i £ T{X ll . . . , X n ; N, mf , 5') for some D\, ...,D n £ R> . 
Since || A - A(^)||m,tr JV < P and 

II A|| m ,tr„ < tr N (D 2m ) 1/2m < (r(X 2m ) + <5') 1/2rn 

< (Rl rn + l) 1/2m < Rq + 1, 

we get 

\tr N {U n A,(iV)C/* • ■ • U ik D ik (N)U*J ~ T (X n ■ ■ ■ X lk )\ 

< \tr N (UiMN)UZ ■ ■ ■ U tk D tk (N)U* k ) - tr w (A A^* ■ ■ ■ E^A^JI 

+ |t rjv (A a^* ■ • ■ u ik D ik u; k )- T(x n ■■■x ik )\ 

< m{Ro + I)™" 1 /) + 5' < 8 

for all 1 < i\, . . . ,ik < n with 1 < k < m. The above latter inequality is seen by the Holder 
inequality. This implies that (Ui, . . . , U n ) is in the right-hand side of (|2.2[) . □ 
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Some basic properties of Xorb are summarized in the next proposition. The properties (l)-(3) 
are obvious, and (4) is seen by using Definition 12.21 due to Lemma [ 



Proposition 2.5. Xorb enjoys the following properties: 

(1) Xorb(^0 = for any single random variable. 

(2) Xa*(Xi,---,X n )<0. 

(3) Xorb(^i, ■ ■ -,X n ) < Xorb(Xi, . . -,X k ) + Xoxb(Xk+i, ■ ■ - ,X n ) for every 1 < k < n. 

(4) // (X[ k \ . . . ,Xn ), k £ N, are n-tuples of self-adjoint random variables converging to 
(Xi, . . . , X n ) in the distribution sense as k — > oo, then 

XorbiXi, ...,X n )> lim sup Xorb (x[ k \ . . 

k — *oo 

The following exact relation between Xorb and the usual x is the main result of this section. 
Theorem 2.6. 

71 

X (Xx, ...,!„) = XorbiXt, ...,X n )+J2 x{Xi). 

i=i 



Proof. Let R > maxi<j<n ||^"i||oc- Since 

(^)- 1 (T R (X 1 ,... 1 X n ;N,m,S)) 

n 

C (q%) n (r oih>R (X 1 ,...,X n ;N,m,S)) x J[ A il (X i ; N, m, 6) 

i=i 

and L or b ! _R(^i, . . . , X n ; N, m, S) is invariant under the right multiplication by elements of T(N) n , 
we get by 

\ogA% n (T R (X 1 ,...,X n ;N,m,5)) 



< log (TorbAXi, ...,X n ;N,m,S))+J2 logMA«(*i5 N, m, 6)) 

4=1 



= log (T olhtR (X u ...,X n ;N,m,S))+J2 \ogA N (T R (X t ; N, m,5)). 

i=i 

By Lemma 12.41 this immediately implies the inequality < for the required equality. 

For the reverse inequality we show that for each to £ N and S > there are an m! £ N, a 
5' > and an JVo e N so that 



(q%) n {T mh M(X u X n ; N, m' , 5')) x J| A R (X t ; N, m',5') 

i=l 

C (^)- 1 (r fi (X 1) ...,X n ;N, to, 5)) (2.3) 

for all N > N . By Lemma HTT1 one can find an m! £ N, a 5' £ (0, 5/2) and an N £ N such 
that for every 1 < i < n and every N > N , if - £ t\ R {X t ; N, m',5') then 

8 



| || litr „ < 



2m(R+ l)™- 1 ' 

Now suppose N > N and ([f/i], . . . , [U n ],D 1 , . . . , D n ) is in the left-hand side of ([2~5]) . Then 
we have (U^U*)^ £ T R (X 1 ,...,X n ;N,m',S') for some (£K)? =1 G ltf =1 Ar(X^ N,m' , 5'). 
Since 

|tr* (E^A^ • • • U ik D ik U*J - r(X h ■ ■ ■ X lk )\ 
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< Itr^A^* ■ • • U lk D lk U* k ) - tMU^K ■ ■ ■ U lk D' lk U* k )\ 
+ ^{U^D'tJJl ■ ■ ■ U ik D' ik U* k ) - T(X n ...X ih )\ 

< m(R + l)™" 1 max || A - D-||i >tr * + 5' < S 

X<i<n 

for all 1 < i u ...,i k < n and 1 < fc < to, it follows that {U l D t U*) r l =1 6 T R (X X , ■ ■ . , X n , 
N,m,S), proving (|2.3[) . By Lemma |2"T41 we thus obtain 

n 
i=l 

< lim sup log^ N) (T olb , R (Xi, ...,X n ;N,m', 6')) 

+ E L 1 ™, jSa lo S A ^ ( r «( x < ! X ' m '> s ^) + l lo S iV ) 

i=i \ ""^ / 

< lim sup (-^ log A^ n (T B (Xi , . . . , X n ; N, m, 5) + | log AT 

for every to G N and <5 > 0. This implies inequality > for the desired equality. (A point in 
the above proof is that lim sup can be replaced by lim in the definition of x(X) in the single 
variable case, see [7J 5.6.2].) □ 



Theorem l2.6l in particular gives 

-Xorb(^, Y) = - X (X, Y) + X (X) + X (Y) 

for two (non-commutative) self-adjoint random variables X, Y in (M, r) with x(X),x{Y) > 
-co. The above expression suggests that — Xorb is a kind of free probability counterpart of the 
so-called mutual information I(X;Y) for two real random variables X, Y. In fact, recall the 
expression 

I(X;Y) = -H(X,Y) + H(X) + H{Y) (2.4) 

in terms of the Boltzmann-Gibbs entropy H(-), which holds as long as H(X) and H(Y) arc 
finite. The following remark is another justification for the analogy between — Xorb and the 
classical mutual information. 

Remark 2.7. Let denote the uniform probability measure on the symmetric group &n- Let 
Xi , . . . , X n be bounded real random variables on a classical probability space. For N, m £ N 
and 6 > define A(ATi, . . . , X n ; N, to, S) to be the set of all n-tuples {x\, . . . , x n ) of vectors 
Xi = (xn, . . . , Xiw) in R N such that 



1 N 

x hj ' ' ' x ik j — ^(-^ii ' ' ' X{ k ) 



3=1 



< 5 



for all 1 < < n and 1 < fc < m, where E(-) is the expectation. Moreover, define 

A sym (Xi, . . . , X n ; N, to, S) to be the set of all n-tuples (cti, . . . , a n ) of oi e ©at such that 
(cti(xi), . . . ,ct„(.t„)) e A(X X , . . . ,X n ; N,m,S) for some X\,...,x n € K>, where cr^(a;j) : — 
(^,(1), • • • , £«t(jv))- We then define 

H sym (X 1 , ...,X n ):= lim limsup -J- log 7 f " ( A sym (X x , . . . ,X n ;N, to, 6)) . 
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One can show that 

n 

H(Xi, . . . , X n ) = H sym (Xi, . . . , X n ) + H{Xi). 

i=l 

In particular, when X and Y are real bounded random variables with H(X), H(Y) > — oo, we 
have I(X;Y) = —H synl (X,Y). In this way, the "classical analog" of — Xoib(X 7 Y) provides a 
new definition (a kind of "discretization") of the classical mutual information I(X;Y). More 
on this idea are examined in [8] . 

It seems that the expression (|2.4[) was one of the motivations of Voiculcscu to introduce 
the mutual free information i*(A\; . . . ; A n ) for subalgebras A±, . . . , A n in j^S] (in particular, 
see Introduction there). For any n-tuple of projections (pi, . . . ,p n ) in a W A *-probability space, 
from the definition in [llj and Lemma 12.41 we notice that 

Xprojbl, ■ ■ ■ ,Pn) = Xorbfal, ■ ■ ■ ,Pn)- 

In |10j we conjectured that — Xproj(p, q) coincides with the mutual free information i*(Cp + 
C(l — p); Cq + C(l — q)) for two projections p, q, and gave a heuristic computation supporting 
it. It would be further conjectured that ~x Tb{X,Y) = i*(W*(X);W*(Y)) holds for any X, Y; 
however this is out of scope of this paper. Here note that this is true when X, Y are freely 
independent (see Proposition 12.91 below). From the above point of view we are tempted to 
write i(W* (X\); . . . ; W*(X n )) := —Xorb(Xi, ■ ■ ■ ,X n ) and use the term "microstate mutual free 
information." However we leave the symbol i to further progress on the subject. 

In view of the analogy between — Xorb an d I(X;Y) the following proposition is strongly 
expected. 

Proposition 2.8. Xorb(-X"i, ■ ■ ■ ,X n ) depends only upon W*(X-y), . . . , W*(X n ), where W*(Xi) 
means the von Neumann subalgebra of M generated by Xi (and the unit 1 € M). 

Proof. Let (X{,..., X' n ) be another n-tuple of self-adjoints in M with W*(X^) = W*(X Z ) for 
1 < i < n. By symmetry and Lemma 12.41 it suffices to prove that for each m E N and S > 
there are an m' € N and a 5' > such that 

7u(V r orb(*i, ■ ■ ■ , X n : Ci(iV), . . . , Cn(N)l N, m', 6')) 

< 1^ N) (ToMK ...,X' n ;N,m, 5)) (2.5) 

for all N G N, where {£i(N)} is an approximating sequence for Xi as in Definition 12.31 for 
1 < i < n. Let R := maxi<j< n HXlHoo. For each 1 < i < n, since X- G W*(X{), one 
can choose, by the Kaplansky theorem, a real polynomial Pi(t) such that \\X[ — Pj(Xj)||i iT < 
5/2m(R+l) m ~~ 1 and ||Pi(Jfi)||(xi < Halloo- For each m e N and S > one can choose anm'eN 
and a 5' > (depending on Pi, . . . , P„ as well) such that (A t ) - l =1 e T(X\, . . . , X n \ N, m', 6') 
implies (Pi(^))? =1 G T(P l {X 1 ),...,P n (X n );N,m,5/2) for every N G N. If {U u . . . , U n ) G 
r orb (X 1; ...,X n :^(N),...,Cn{Ny,N,m',S'), then we get 

|tr* (E^Pfc (N))Ul ■ ■ ■ U lk P lk (6 fc (N))U*J - t(X^ ■ ■ ■ X'J\ 

< ItrxiPi^UiMN)^)- ■■Pi k (Ui k ti k (N)U*J) - r(P il (X il ) • • ■ P ik (X ilt ))\ 
+ |r(P (1 (X n )...P ih (X lk )) - r(X i ' 1 ■ • ■ X' ik )\ 

< - + m(R + l)" 1 " 1 max \\X^ - P t {X l )\\ 1 . T < S 

2 X<i<n 
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for all 1 < ii, . . . , ik < n and 1 < k < to. Now, for each N G N and 1 < i < n write 
P,(^(N)) = Vi(N)Di(N)Vi(N)* with Di(N) G R> and V l {N) G U(iV). Then we have 

r orb (X l5 . . . , X n : ^(N), ...,tn(N);N, m', 6')) ■ (Vi(N), . . . , V n (N)) 

C r orb (X(, . . . ,X' n ]N,m,S), 

and (|2.5|1 follows from the right invariance of the Haar measure 7u(at)- D 

If x(Xi) > — oo for all 1 < i < n and X±, . . . , X„ are freely independent, then the additivity 
theorem [22j Proposition 5.4] and Theorem 12.61 show that Xmb(Xi, ■ • • ,X n ) = (or the addi- 
tivity of Xorb in view of Proposition 12. 51 (1)). The next proposition shows that this is still true 
even when the finiteness assumption of the x(Xi)'s is dropped. 

Proposition 2.9. If Xi is freely independent of X2, ■ ■ . , X n , then 

Xorb(^l,^2, • • ■ ,X n ) = Xorb(-^2, ■ • ■ ,X n ). 

Consequently, Xorb(-^i, ■ • ■ , X n ) = if X±, . . . , X n are freely independent. 

Proof. The proof is based on the method due to Voiculescu [25] (or Lemma II. 3|) while it is 
easier than that for the additivity of x- By (1) and (3) of Proposition 12 . 51 we may prove that 

Xorb(Xi,X 2 , ■ ■ ■ ,X n ) > Xorb(X 2 , ■ ■ ■ ,X n ). (2.6) 

under the assumption Xorb(X 2 , ■ ■ • ,X n ) > —00. Choose an approximating sequence {£i(-/V)} 
for X, with ||&(iV)lloo < Halloo for 1 < i < n. For N, m G N and 6, 5' > set 

*(N, to, 6) := r orb (X!, ...,X n :^(N),..., £ n (N);N, to, 8), 

$(iV, to, 8') := T olh (X 2 , . . . , X n : £ 2 (N), . . . , £ n (N); N, to, 5'), 

and moreover 

Q(N,m,5') := {(U u U 2 ,..., U n ) € U(N) n : {U^Np*} and 

{U 2 ^(N)U;, . . . , U n £ n (N)U*} are (m, S')-tee}. 

For every m G N and <5 > one can find a 5' > such that if U\ G r orb (Xi : £i(N);N, to, <5') 
and (C/ 2 , . . . , £/„) G $(JV, m, 8') and if (E^, C/ 2 , • • • , U n ) is in Q.{N, m, J'), then (U u . . . , [/„) is 
in V(N,m,8). Note that T orb (Xi : £i(iV); JV, m, 5') is the whole U(iV) for sufficiently large AT. 
Hence, by Lemma 1.3 there is an No £ N such that r orb (Xi : £i(iV); N, m, 8') = U(N) and 

7u(;v) ({Ui £ U(JV) : (t/i, U 2 , . . . , U n ) G fi(iV, to, <$')}) > \ 

for all N > N and every (C7 2 , ■ ■ ■ , U n ) £ U(iV)" _1 . From the assumption Xorb(X 2 , ■ ■ ■ iX n ) 
> —00, we may assume that 7®^ 1 ($(iV, m, 8')) > for all N > Nq. Hence, with the measure 

1 (gm— II 

we get for every N > Nq 
7l ? ( ^ ) 1 ($(7V,to, ( 5')) 

> f if ln(N, m ,s>)(Ui,U 2 ,...,U n )d>yij( N) (Ui) ] d/j, N (U 2 , ■ ■ ■ ,U n ) > ^■ 

J$(N,m,&') WU(JV) / * 
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Therefore, 

Hmsup i log 7®^ (*(N, m, 5)) > limsup ^ log T^/ (<W ™> 
which implies (|2.6|) thanks to Lemma T2. 41 □ 

3. Characterization of freeness by Yorb = 

Let (Xi, . . . , X n ) be an n-tuple of self-adjoint random variables as in the preceding section. 
This section is devoted to proving the converse implication of the second assertion of Proposition 
12. 9\ consequently we have the following: 

Theorem 3.1. Xorb(^ii ■ ■ ■ , X n ) — if and only if X\, . . . , X n are freely independent. 

To prove the theorem, we will provide a certain transportation cost inequality similarly to the 
projection case in §5]. In what follows wc adopt the description of Xorb as Xorb(^i> ■ • • s X n : 
£ii •••)£«.) due to Lemma [2.41 For 1 < i < n let us choose and fix a sequence {£%(N)} of 
£i(N) G M^ a such that ||&(iV)ll°° < ||^i|U and ^(N) -> X { in moments as N -> oo. 

With i? := maxi<i<„ HJQHoo, C[— R, R] is the C*-algcbra of continuous functions on [-R, R]. 
Let Ar := C[— R, i?]*™ be the universal free product C*-algcbra of n-copics of C[—R,R] with 
canonical self-adjoint free generators Z\, . . . , Z n , i.e., Zi(t) — t in the zth C[—R, R]. We denote 
by TS(Ar) the set of all tracial states on Ar and by V(SU(N) n ) the set of all probability 
measures on the n-fold product SU(N) n . For each A G V(S\J(N) n ) we associate a unique 
A G TS(Ar) as follows: 

\(h):= I tT N (h(U 1 ^(N)U^...,U r MN)K))dX for he A R , (3.1) 

JSV(N)" 

where h(Ui£i(N)Ui , . . . , U n ^ n (N)U*) is the image of h E Ar by the *-homomorphism from 
Ar to Mjv(C) sending each Z t to U.£ t (N)U* . Similarly, T( Xu ...,x n ) & TS(Ar) is defined by 

T( Xl ,...,x n )(h) :=T(h(X 1 ,...,X n )) for he Ar. 

From the trivial fact that the image of SU(iV) by the quotient map is exactly U(N)/T(N), 
it is clear that no difference occurs when SU(7V) is used in place of V(N) in the definition of 
Xorb (Definitions I2.1H2~3"|) . Letting 

T(N, m,5):= r orb (X 1 , . . . , Xn : ^(N), . . . , f„(JV); N,m, 8) n SU(iV)", 

we thus have 

Xoxb(Xi,...,X n ) = lim limsup-^- log 7 |u (JV) (r(iV,m,(5)). 
Now, we can choose a subsequence N± < N2 < ■ ■ ■ in such a way that 

Xorb(*i, ...,*„) = lim log 7 f t ? (JVm) (r(iV ro , m, 1/m)), (3.2) 

rn 

and define 

A ro := - gs J-_ 7 §J» | G P(SU(iV)") 

with r m := r(A r m ,m, 1/m). Then the next lemma can be proven in the same way as in the 
proof of (2.5) in p. 401]. 

Lemma 3.2. limm—^ A TO = tyx^ x n ) * n ^ e weak* topology. 
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The following is essentially a kind of reformulation of Voiculcscu's asymptotic freencss result 
[Him] (also [7J §4.3]) for unitary random matrices (related to Lemma fl.3[) . A simple proof 
based on Lemma 11.31 is given for completeness. 

Lemma 3.3. linijv— «» 7su(n) = T (Xi x ) ^ n ^ e wea ^* topology, where tJ 1 ^ x j := VrJLjTXi 
is the free product of the states r Xi on C[—R, R] induced from the distribution measure o/Xj. 

Proof. For each m £ N and 8,9 > 0, Lemma [TBI implies that ^? N Jfl(N,m,6)) > 1 - 9 for all 
sufficiently large N, where 

Q(N,m,8) := {{U u ...,U n ) E Xl{N) n : {U&WUfi, . . . , {U n £ n (N)U*} are (m, <5)-free}. 

For any 1 < i\, . . . ,ik < n with 1 < k < m, notice that 

S)(^ii---^J= / tr JV (tr il ^ 1 (iV)t^ 1 ..-^(TO;)^f» w 

•/SU(JV)*» 

tr^k ( W t • • • U ih t ih (N)U* k ) d 7 ®» } 

U(JV)™ 

and 

trtffo (& (JV)) ' ' ' (6* W) = trJJ*^ (E^fc (JV)l^) ■ ■ • i ik (U ik £ ik (N)U* k )) 
for all (Ui, . . . ,U n ) E \J(N) n (with the notations given before Lemma ll.3p . Hence one can 
immediately estimate 

TlW^ ■■■Z lk )- tr%(L h (N)) ... Hk (N))) 



< / +/ \\tr N (U il Z il (N)U* 1 ---U ik t; ik (N)U* k ) 

\JQ(N,m,8) J\J(N) n \n(N,m,S) ) 

- trtfta (t/uCu )--H h (UiM k (N)U* k ))\ d^ N) 

< S + 2(R + l) m 9 
for every N > Nq. Since 

Jim tT%(L il (Z h (N))--- kh Z ih (N))) =rfr u ...,x n ){Zi x ---Z ih ), 

N—>oo v ' 

the desired assertion follows. □ 



Let W^frec^i, t 2 ) denote the free probabilistic 2-Wasserstein distance between t\,t% E 
TS(Ar) introduced by Biane and Voiculescu [4] (see [9l §1.3] for a brief summary fit to our 
arguments). We need the next lemma comparing the free 2-Wasserstein distance with the orig- 
inal one (for measures) under the transformation A E T'(S\J(N) n ) i— > A £ TS(Ar) defined in 
(O). 



Lemma 3.4. For any Ai,A 2 £ V{SU(N) n ) one has 

W 2 ,h ee (XlX) < -=W 2i ||.|| HS (Ai,A 2 ) < - 7 =W 2 , seo d(M,X2), 



where W2 t \\.\\ HS and W2,geod are the 2-Wasserstein distances for measures with respect to the 
Hilbert- Schmidt norm \\ ■ ||hs an d the geodesic distance, respectively. 

Proof. The proof goes along the same line as that of [HI Lemma 1.3] with slight modifications 
in the following two points. First, let II(Ai,A 2 ) denote the set of all probability measures on 
SU(A^)™ x SU(N) n whose left and right marginal measures are Ai and A 2 , respectively. For 
each 7T £ n(Ai, A 2 ) we associate the state n E TS(Ar* Ar) via (the free product of two copies 
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of) the *-homomorphism sending each Zj to Ui^i(N)U* as above. Then one can easily observe 
that 



Wa 1 free(Al,A a ) < 



\ JSU(AT)™ JSV(N)" i=1 



for any tt £ IT(Ai,A2), where the first integration is for (U\, . . . , U n ) and the second for 
(Vi, . . . , V n ). Secondly, we need the following elementary estimate: 



\\UMN)U* - V& (N)V*\\m < 2||&(iV)|U|[/ I - ViWss < *R\\Ui - Vi\\ 



HS, 



which is the reason why R appears in the desired inequality. Finally, the latter inequality is 
trivial because the geodesic distance majorizes the Hilbert Schmidt norm distance. □ 

We are now in a position to show the following transportation cost inequality. Since W2,frcc 
is indeed a metric, this yields the implication from Xorb(-Xi, ■ ■ ■ >Xn) — to the freeness of 
X±, . . . , X n , thus proving the theorem. 

Proposition 3.5. 

W a ,free(T(x I) ...,x B ),7f^ Xn) ) < 4 ( max ) V-Xorb(ACl, • . • , X n ). 

Proof. The proof is also same as that of [9[ Theorem 2.2], and thus we only give an outline. 
Since the Ricci curvature of SU(iV) ra (with respect to the inner product induced from ReTrjv) 
is known to be the constant N/2, the transportation cost inequality 

M / 2,good(A m ,7fu (JVm) ) < J — S(*m,liv( Nm )) 

holds due to [TB], where S(- , •) is the relative entropy. Since 
we have by Lemma [ 



W 2 , fr ee(A ro ,7 s T ( ;v ra )) < 4 ^V"iV^ l0g7 ^V m )( r '™)- 

The desired inequality follows as m — > oo thanks to (|3.2I) , Lemmas 13.21 and 13.31 together with 
the joint lower semicontinuity of W2,free- D 



4. Generalization of x orb to hyperfinite random multi-variables 

For 1 < i < n let Xj = (Xn, . . . ,X ir ^) be a non-commutative self-adjoint random multi- 
variable (called a random multi-variable for short), which means a tuple consisting of self-adjoint 
random variables in (M, r). What we want here is to generalize the orbital free entropy Xorb for 
random variables to that for those multi- variables Xi, . . . , X„. But there is a serious difficulty 
in so doing in the general setting because we have no right counterpart of the map $jy in (jl.ip 
for the n-tuple space (Mf//) n . However, the description of Xorb as Xorb(-^i> ■ ■ ■ , X n : £i, . . . , £„) 
(see Lemma [2T1)) and Jung's lemma fLemma [l~2"j) allow us to define Xorb(Xi, . . . , X„) only when 
all M / *(X J ) := W*(Xn, . . . , X^r^'s are hyperfinite. Throughout this section we assume that 
Xi, . . . , X„ are all hyperfinite in this sense. Now, the definition of the orbital free entropy 
Xorb(Xi, . . . , X„) is similar to Definition 12.31 as follows. 
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Definition 4.1. For each 1 < i < n let us choose a sequence {^(N)} consisting of r(i)-tuples 
Si(W) = tei(iV), . . . ,& r( ;)(iV)) of Cij(iV) G M^, N G N, such that H;(iV) converges to X, in 
the distribution sense (or in mixed moments) as JV -* oo. (Such a sequence always exists due 
to the hyperfiniteness for X,.) Define r or b(Xi, . . . , X„ : Hi(iV), . . . , S„(iV); N,m, 5) to be the 
set of all n-tuples (Z7i, — , ?7 n ) G U(iV)" such that 

ME^&aCWx ' ' ' t^W* (WJ - r(X lin ■ ■ -X ikjk )\ < S 

for all 1 < i t < n, 1 < j t < r(i t ), 1 < t < k and 1 < < m, that is, {UiEi{N)U^ =1 G 
r(Xi U • • • U X„; N, m, 5), where UiZi(N)U? means (t/ !; &i(7V)[/*, . . . , U t C ir{l) U*). Then we 
define 

Xorb(Xi, . . . , X„) 

:= lim limsup -L log7®" (r orb (Xi, . . . , X„ : 5 x (iV), . . . , S n (N);N, m, 5)). 

rn-*oo,8\0 N->oo ^ K ' 

If each Xj consists of a single random variable, then the above Xorb(Xi, . . . , X n ) clearly 
coincides with the Xorb in §2 by definition. Moreover, the above definition is satisfactory as 
shown in the next lemma. The proof is similar to that of Lemma 12.41 

Lemma 4.2. Xorb(Xi, . . . ,X n ) is independent of the choice of ({Si(iV)}, . . . , {E n (N)}). 

Proof. Let ({^[(N)}, . . . , {E' n (N)}) be another approximating n-tuple. By symmetry it suffices 
to show that for each S > and m G N, 

7 ®" iv) (r orb (X ll . . . , X„ : E[(N), . . . , E' n (N);N, m, 5/2)) 

< 7t!(V) (r or b (X 1; . . . , X„ : Hi (N), . . . , S n (N); N, m, 5)) 

for all sufficiently large N. Since Ei(N) and S^(iV) converge to the same X^ in distribution, 
by Lemma 11.21 one can choose an TVo G N so that for every N > No there is an rt-tuple 
{Vi{N), . . . , V n {N)) G \J{N) n satisfying 

WvmtoWViW-GiWWm,** < 2m(fl + 1)m -i 

for all 1 < j < r(i) and 1 < i < n, where 

R := sup{||^-(iV)|| m , trjv , ||4-(iV)|| m)trN : 1 < j < r(i), 1 < i < n, N G N} (< +oo). 
If (U u . . . , U n ) G r orb (Xi, . . . , X„ : Hi(iV), . . . , H^(iV); N, m, J/2) with TV > N , then as in the 



proof of Lemma 12.41 wc get 

\ty N (U H (V n {N)i lin (N)V n (NT)Ul ■ ■ ■ U ik (U ik (N)£ ikjk (N)U lk (N)*)U* k ) 
- r(X lljl ■ ■ ■ X ikJk )\ 

< m{R+l) m - 1 maxWViiN^WViiN)* - ^(N)\\ m , iIN + i 

< S 

for all 1 < it < n, 1 < jt < r(i t ), 1 < t < k and 1 < k < m. This means that 
r orb (X!, . . . , X„ : Hi(JV), . . . , E' n {N);N, m, 6/2) 

C r oi . b (X!, . . . ,X n : SiOtf), • • • , S„(iV); N, m, <5) -(V^N),..., V n {N)) 
for all N > JVq. Hence we have the desired assertion thanks to the right invariancc of 7u(jv)- D 
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Remark 4.3. Jung's result [TS] (or Lemma II. 2\i says that the above definition of 
Xort>(Xi, . . . , X„) can work only when all the X,-'s are hyperfinite since the microstates are 
not concentrated in a single (approximate) unitary orbit for a general random multi- variable. 
Thus, to define Xorb for general random multi- variables, we need an appropriate way to gather 
together all unitary orbits without "overlap" in each matricial level. One potential way is to 
use the space of unitarily equivalent classes of ^-representations of W*(X.i) in which plays 
a similar role of R> for random variables. Note that the restriction of diagonal matrices to R> 
is needed in the definition of Xmb to avoid "overlap" ; indeed, if R N is used in place of R> , then 
the space of "orbital microstates" has the "overlap" coming from the symmetry of Sat acting 
on the eigenvalue space M. N . One more way we considered is to use a suitable fundamental 
domain of the diagonal action of U(iV) on Tr(Xh 7 . . . , Xi r uy, N, m, 5) as a role of R> , but we 
encountered some difficulty in this approach. 

Except for the relation between Xorb an d X (Thcorcm l2.6[) . all basic properties of Xorb can be 
extended to hyperfinite random multi-variables in the same way, which are summarized in the 
next proposition. Note that the assertion of Theorcm l2.6l is meaningless for hyperfinite random 
multi- variables because both sides of the equality are — oo as long as at least one of the Xj's is 
not a single variable. 

Only (4)-(8) of the proposition are somewhat non-trivial. Note that (6) is the Xorb counter- 
part of [26l Remark 9.2(e)] while it is just a byproduct of (5). The proofs of (5), (7) and (8) 
are essentially same as before in the case of Xorb for random variables; for example, Lemma 1 1.21 
is used in place of Lemma ITTT1 We will sketch them and leave the full details to the reader. 

Proposition 4.4. Xorb for hyperfinite random multi-variables enjoys the following properties: 

(1) Xorb(X) = for any single X. 

(2) Xorb(Xi,...,X n ) <0. 

(3) Xorb(Xi, . . . , 

-**-n ) _ Xorb 

(Xi, . . . , Xfe) + Xorb(X fc+ i, . . . , X„). 

(4) If x| fc ^ = (X^\ . . . , X^)^) are hyperfinite random multi-variables for 1 < i < n and 

(k) (k) 

k £ N such that Xj U • • • U X„ — > Xi U • • • U X n in the distribution sense as k — ► oo, 
then 

Xorb (Xi , . . . , X„ ) > lim sup Xorb (X^ , . . . , X^ fe) ) . 

k — >oo 

(5) Xorb(Xi, . . . ,X„) depends only upon W*(X.i), . . . , W*(X- n ); more precisely, 

Xorb(Xi, . . . ,X„) = Xorb(X x , . . . ,X'„) 

for hyperfinite random multi-variables Xj and X^ with W*(X-i) — W*(X.' i ) ! 1 < i < n, 
where the numbers of variables in Xj and in X^ may be different. 

(6) // Yx, . . . , Y„ are random multi- variables such that Y, C W*(X-i) for 1 < i < n, then 

Xorb(Xi, . . . , X„) < Xorb(Yi, . . . , Y„). 

(7) //Xi is freely independent of X2, . . . , X n , then 

Xorb(Xi, X2, . . . , X„) = Xorb(X2, . . . , X„). 

(8) Xorb(Xi, . . . , X„) = if and only if Xi, . . . , X„ are freely independent. 

Proof. (4) For each k € N let ({B[ k } (JV)}, . . . , {S^ fc) (JV)}) be an approximating n-tuple for 
(X^ fe \ . . . , X^ fc '). For any a < limsup fc Xorb(X^ fc \ . . . , X^ fc ') one can choose a sequence fci < 
&2 < • ■ ■ such that Xorb(X-[ km \ . . . , x£ fera '') > a and 

h( X nn ■ ■ - X in ] ) ■ ■■ X uu)\ < "J" (4.1) 
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for all 1 < it < n, 1 < jt < n(i t ), 1 < t < £ and 1 < I < m. Furthermore, one can find a 
sequence Ni < N 2 < ■ ■ ■ such that for every m £ N and 1 < i < n, 

E^\N) G r(X t (fcm) ; AT, m, 1/m) if JV > N m , (4.2) 

and also 

^log 7 ^ v) (r orb (X^ ) , . . .,Xl fem) : si fcm) (iV m ), . . . ,E^(N m );N m ,m, 1/m)) > a. (4.3) 
For 1 < i < n define 

Si(N) := E^(N) if iV m < N < N m+1 , meN. 

By dHJ) and g^, for 1 < i < n we get E t (N) £ r(X, .; N, m,2/m) if iV m < N < N m+1 , m £ N; 
hence ({Si(iV)}, . . . , {S„(iV)}) is an approximating n-tuple for (Xi, . . . , X„). For each m £ N, 
if (Ui, ...,[/„) is in 

r orb (xJH . . . , : ~f m) (iV m ), . . . , E^\N m ); N m , m, 1/m), 

then (U^N^U*)^ = {U^f m) (N m )U*)f =1 is in T(X.[ km) U • ■ ■ UXlH JV ro> m, 1/m). Since 
this set of microstates is included in T(Xi U • • • U X„; N m , m, 2/m) thanks to (|4.1[) . it follows 
that 

r orb (X<H . . . ,X<^> : ~f m) (iV m ), . . .,El k ™\N m );N m ,m,l/m) 
C r orb (Xi, . . . ,X„ : Si(iV m ), . . . ,E n (N m ); N m ,m, 2/m). 
Hence, by f|4.3[) we have 

W log7^(rarb(Xi, . . . ,X n : S!(iV m ), . . . , S n (iV m ); N m , m, 2/m)) > a 

m 

for all m £ N. This immediately implies that x orb (Xi, . . . ,X„) > a, and the result follows. 

(5) Let X; = (Xn, . . . ,X ir (i)) and X' ; = . . . 1 X' ir ,^) be as stated in the proposition, 

and choose their approximating n-tuples ({Si(7V)}, . . . , {E n {N)}) and ({^[(N)}, . . . , {E' n (N)}), 
respectively, with Ei(N) = (fa (N))^ and E'^N) = (^(N))^. We may assume that 
HfeWlloo, H^vWIloo < max^-,Hll^dUJ^|U} for all i,j,f and N. Now, it suffices 
to prove that for each m £ N and <5 > there are an m' £ N, a (5' > and an No £ N such that 

7 T ! ( n JV) (ro r b((X J )r =1 : (S,(JV))ti;JV,m , J «')) 

< 7f!w(r or b((X' i )r =1 : (^(JVj^^JV.m,*)) (4.4) 

for all N > N n . The proof is essentially same as that of (|2.5p but more complicated since the 
right-hand side of (|4.4p contains H^(iV) differently from (|2.5p . The Kaplansky density theorem 
enables us to choose non-commutative self-adjoint polynomials Py of r(i) indctcrminates for 
1 < j < r '(i), 1 < i < n such that HP^Xj)!!^ < R and - P^(Xi)||i )T is arbitrarily 

small; hence X' x U • ■ ■ U X^ is arbitrarily approximated by (Pij(Xi))^J^ U • ■ ■ U (Pnj(X„))^J™^ 

in distribution. Since E'^N) -> X^ and (Pi(Hi(iV)))^ -> (Py (Xi))^" in distribution as 
TV — > 00, by Lemma [1.21 one can find an No £ N such that for every N > No and 1 < i < n 
there exists a V, (N) £ U(N) for which ||P y (!_*(#)) - V^N)^ (N)Vi(N)* \\ 2Mn is arbitrarily 
small for 1 < j < r'(i). Then one can choose an m' £ N and a 8' > such that 

r orb ((X 4 )r =1 : &(N))U\N,rn',6') ■ (V t (N)YU 
for all N > N Q , implying ([4^]) . 
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(6) Letting X' t := Xi U Yj for 1 < i < n we have by (5) 

Xorb(Xi, . . . ,X„) = Xorb(X' 1; . . . , X„) < Xorb(Yi, . . . , Y n ), 

since the latter inequality is obvious by definition. 

(7) The proof is completely same as that of Proposition 12.91 just replace Xi, £i(A) by Xj, 
Hj(JV). See also Proposition 14. 71 for its generalization. 

(8) The assertions (1) and (7) show that the freeness implies Xorb — 0. The converse is 
proven by extending the transportation cost inequality in Proposition 13.51 to hyperfinite ran- 
dom multi-variables. The proof is same as before, so only a few remarks are mentioned here. 
Set R := maxij ||^ij||oo and let Ar be the universal free product of r(l) + • ■ • + r(n) copies of 
C[—R,R] with canonical generators Z^ for 1 < j < r(i), 1 < i < n. By the *-homomorphism 
sending each Zij to Xij we obtain T(Xi,...,x„) € TS(Ar) as in §3. Also, for every A G V(SU(N) n ) 
we associate A € TS(Ar) in the same manner as in §3 by the integral over the unitary orbit 
{(UtEiiN)^, U n E n (N)U*) : (C/i, . . . , U„) € SU(A)™} with respect to A. Then, the coun- 
terparts of Lemmas 13.21 and 13.31 are proven exactly in the same way. Indeed, applying Lemma 
[Qlto 

{([/!,..., U n ) G U(A)" ■ UxExiNp?, U n E n (N)U* arc (m, <5)-free} 

one can show that Hmjv_ > . 00 7stj(n) = T (Xi x„) weakly*, where x „) e TS(Ar) is the 

free product of the states Tx i on C*(Zij, . . . , Z ir ^) induced from the original r on M via the 
*-homomorphism sending Z^ to for 1 < j < r(i). With these the same argument as before 
proves 

^2,f r ec(T (Xl ,..., X „),r ( f ™... iXn) ) < 4i? A /- X orb(Xi,...,X n ) ) 

from which we get the conclusion. □ 

Next, we introduce the Xorb(' • • : v) in the presence of unitary random variables, which will 
be necessary in the next section. 

First, let us recall the L-set of microstates approximating X = (X%, . . . , X n ) in the presence 
of unitary random variables. In addition to X let v = (vi, . . . ,ve) be an ^-tuple of unitary 
random variables in (M, r). For N, m G N and S > we denote by T(X, v; N, m, 5) the set of 
all (Ax, ...,A n ,Vi,...,Vi) in (Mff) n x U(N) e such that 

\tT N (h(A u . . . ,A n , V x , . . . , Vi)) - r(h(X, v))| < 5 

for all ^-monomials h oi n + £ indcterminates of degree not greater than m, and by T(X : 
v; N, m, 8) the set of all (A u A n ) G (Mff) n such that (A u . . . , A n , V u . . . , V t ) G T(X, v; 
AT, m, <5) for some (Vi, . . . , Vi) G U(A/y . 

Definition 4.5. For 1 < i < n choose a microstate sequence Sj(AT) = (£,n(N), . . . , £i r (i)(AT)) 
in (Mf^) r ^ , N £ N, such that Sj(iV) converges to Xi in the distribution sense as A — > oo. 
Moreover, let v = (ui, . . . , i^) be unitary random variables in (M, r). For A, m G N and <5 > 
define r orb (Xi, . . . , X„ : E X (N), . . . , E n (N) : v;N,m,6) to be the set of all (U l5 . . . , [/„) G 
U(N) n such that (UiEi(N)U*)? =1 is in T(Xi, . . . , X„ : v; N, m, S). Then we define the orbital 
free entropy of (Xi, . . . , X„) in the presence of v by 

Xorb(Xi, . . . ,X„ : v) 

:= lim limsup — j log 7®" w) (r orb (Xi , . . . ,X n : Si (A), E n (N) : v; N, m, 5)). 

Similarly to Lemma l4.2l the above definition of Xorb(Xi, . . . , X„ : v) is independent of the choice 
of an approximating n-tuple ({Si (AT)}, . . . , {E n (N)}) . 
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The next proposition can be regarded as the x or b-counterpart of Proposition 10.4]. In 
what follows, Xu{~ ' ' ) means the free entropy of unitary random variables (see §6.5]). 

Proposition 4.6. Let v = (v\, . . . ,v n ) be a freely independent n-tuple of unitary random 
variables with Xu(vi) > ~°° f or all 1 < i < n. If Xi, . . . , X„ are freely independent of ' v, then 

Xorb(Xi, . . . ,X„) < Xorb(wiXiU^, . . . ,w„X„w* : v) 
— Xorb 

(uiXiUi, . . . ,v n X n v n ). 

In particular, when the above Xi, . . . , X„ are single self-adjoint random variables Xi, . . . , X n , 
one has 

x(Xi, . . .,X n ) < x(viXiV*, . . .,V n X 



Proof. The latter assertion follows immediately from the first thanks to Theorem 12.61 For the 
first assertion it is enough to prove only the first inequality Choose Sj(JV) as in Definition 14.5 
with IjS^AOlU < llXiHoo for 1 < i < n and N £ N, where HS^AOHoo := maxKj^^j) ||&j||oo 
and yXiHoo := maxKj<r(i) H-^Qj'Hoo- For JV,m G N and S, p > we write for short 



$(N, m, 5) 
$(N,m,p) 
$(N,m,p) 
*(iV, m, p) 



= r orb ((X i )2 =1 :(S ( (JV))2 =1 ;JV,m,5), 
= r(«iXiW* U • • • U u„X„v* , v; N, m, p), 
= r(«iXiW* U • • • U w„X„w* : v; N, m, p), 
= T OTh {{ Vi XiV*)U : (Ei(N))U : v;N,m,p). 



We define two probability measures fi N and i/ N on U(iV)" by 

® ?1 I 

MJV := 7® n JV) ($(^ ) m,<S)) 7 uwl*(JV,m,«)> 

1 gin I 

7g^)(r(v;JV,2 m ,*)) 7 uwlr(v;7v, 2m , 5) ' 

where T(v; AT, 2m, 6) is the T-set of unitary microstates in U(N) n approximating v (see 
§6.5]). Here we may and do assume that Xorb(Xi, . . . , X„) > — oo so that pn is well-defined for 
all sufficiently large N £ N. Also, note that vn is well-defined for all sufficiently large N £ N 
thanks to the assumption of free independence for v. Furthermore, define 

Q(N, 3m, 5):={{U l ,...,U n ,V 1 ,...,V n )£ U(N) n x U(JV) n : 

{U t E t {N)U*)f =1 and (Vi)? =1 are (3m, <5)-free}. 

For every m £ N and p > one can choose a S > such that if U = (Ui, . . . , U n ) £ 3>(AT, m, 5), 
V = (Vi, . . . , V n ) G T(v; N, 2m, S) and (U, V) e Sl(N, 3m, S), then ((^^(A^*^*)^, V) 6 
*(AT, m, p). Since pn®vn is invariant under the U(AT)-action given by (U, V) i-> (U, WVW*), 
WWW* := (WiW*)? =1 , for W £ U(AT), it follows from Lemma O (see the proof of [13 
Corollary 2.14]) that {p^ <8> ^)(^(A r , 3m, 5)) > 1/2 whenever AT is large enough (depending 
only on m, 5). For each such N one can choose a V £ T(v; AT, 2m, 6) such that 

1 7 ®" ($(N,m,S)nSl(N,3m,6: V)) 

- < ti N (Sl(N, 3m, 5 : V)) = U(A ° . -, (4.5) 

2 ~* K K " 7 ^ ) ($(7V,m,5)) 1 ' 

where fl{N,3m,S : V) := {U £ \J(N) n : (U,V) G Q(N, 3m, 6)}. From the above choice of 6 
we have 

{(yiUiSi^C^V,*)^! : U G <Z>(N,m,5)n Q(N,3m,S : V)} c $(JV,m,p), 
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that is, 

{VU = (Vif/i)™=i : U 6 <f>(N,m,5) nfL(N,3m,5 : V)} c V(N,m,p). 
Thanks to the left invariance of 7u(JV); this and (|4.5p imply that 

l^ N) (HN,m,5)) < ^ N) (*(N,m,p)). 



Therefore, 

Xorb(Xi,...,X„) < limsup-^log 7 ^" ) (*(JV,m,p)) J 

implying the required inequality. □ 

The next proposition is exactly the x rb-counterpart of [251 Theorem 3.8]. 

Proposition 4.7. Let v = (v\, . . . , V n ) be unitary random variables. If (Xi, V\) is freely inde- 
pendent of X2 , . • . , X„ and vi , . . . , v n , then 

Xorb(Xi, ...,X„ : v) = Xorb(Xi : vi) + Xorb(X 2 , . . . ,X„ : v 2 , ■ ■ • ,v n ) 

whenever Xi is regular in the presence of V\, that is, replacing the limsup as N — > 00 by liminf 
gives the same value in the definition Xorb(Xi : v±). 

Proof. Since the subadditivity 

Xorb(Xi, . . . , X„ V n ) 

< Xorb(Xi, . . . ,Xfc : i>i, . . . ,Vk) + Xorb(X fc +i, . . . , X„ : Vk+i, ■ ■ ■ ,v n ) (4.6) 

is obvious by definition, it suffices to show inequality > for the required equality. We can 
assume that Xorb(Xi : v±) > —00 and Xorb(X2, . . . , X n : v%, . . . , v n ) > —00. We choose Sj(iV) 
as in the previous proof and for each JV,meN and S 7 p > write 

$(N,m,5) :=r orb (Xa : Si (N) : v x ; N, m, S) 

x r orb ((X 4 )r =2 : (Si(A0)2=2 : (vi)U\X,™,8), 
*{N,m,p) :=r orb ((X 4 )r=i : (Hi(iV))f =1 : v; N, m, p). 

The assumption guarantees that $(N,m,S) is not of 7®^ -measure for all N large enough. 
We will prove that for each m G N and p > there is a 5 > such that 

>y$ N) (*(N,m,p)n*(N,m,6)) 1 

^ N) (Z(N,m,6)) "2 (47) 

for all sufficiently large N. The proof is similar to that of [25l Lemma 3.5]. First, note that 
r orb (X 1 : Si (AT) : Vi;N,m,S) is invariant under the left action U\ t-y UU\ for U G U(AT). 
Hence the probability measure 

is invariant under the same action of U(iV) to the only first component. Next, for any m G N and 
p > 0, one can choose a (5 > so that if (Ai,Vi) G r(Xi, V\; N, m, S) with HAiH^ < UXiH^ 
and ((A 4 )r =2 , m? =2 ) G r((Xi)? =2 ,(vi)? =2 ;N,m,5) with UA^U < HX^U and if (Ai,^) 
and ((Ai)£_2, (K:)™ =2 ) are (m, 5)-free, then ((A*)^, (V*)^) G r((X 4 )? = i, (OLi! A 7 , m, p)). 
Lemma 11.31 implies that 

7UW ({^ G U(A0 : (UAiU*,UViU*) and ((A*)^, (^)? =2 ) are (m, «5)-frce}) > i 
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for every Aj and Vi as above whenever N is sufficiently large (depending only on m, 5). Then 
it follows that 

7u(JV)({f/ G U(JV) : (UUi, (f/ i )?= 2 ) G *(JV,m > />)}) > ^ 
for all ({/i, (Ui)f =2 ) G $(TV, m, (5) whenever iV is sufficiently large. This implies that 

fj, N (^(N,m,p)) = I ( l*(N, m ,p)(UU u (U i )? =2 )d'y v(N) (U) )dn N > i, 
Ju(Af)" \/u(jv) / z 

implying (|4.7p . Therefore, we obtain 
1 



limsup - j log 7^ (4- (TV, m, p)) 



JV- 



> limsup i log (<J>(iV, m, 6)) 

> hm inf —2 log T orb (Xi : Hi (N) : «i ; JV, m, 5) 

N— too iV z 

+ limsup-^logr orb ((X l )™ =2 : (^(TV))^ : (vi)2 =2 ;N,m,S), 

and the desired inequality follows thanks to the regularity assumption of Xi (in the presence 
ofui). □ 

5. Orbital free entropy dimension 

The microstate free entropy dimension S and its modified one So due to Voiculescu [22J [23] 
arc defined for self-adjoint random variables based on the microstate free entropy x an d the 
semicircular deformation 

(X 1 +eS 1 ,...,X n + eS n ), e > 0, (5.1) 

where (Si, . . . , S n ) is a free semicircular system freely independent of given self-adjoint random 
variables Xi, . . . , X n . In this section we will introduce the orbital version <5o,orb of So (and also 
Sorb of S) , or in other words the dimension counterpart of the orbital free entropy Yorb discussed 
in the previous sections. Our essential idea to define (So, orb is to replace x by Xorb and more 
importantly the semicircular deformation (|5.1[) by the so-called liberation process 

(vi(t)XiVi(ty,...,v n (t)X n v n (t)*), t>0, (5.2) 

introduced by Voiculescu |26j . where (vi(t), . . . ,v n (t)) is a free n-tuplc of multiplicative free 
unitary Brownian motions (see pQ) freely independent of the Xi's. The idea to use the liberation 
process goes back to our attempt to define the dimension counterpart of Xproj! note that the 
space of projections with fixed traces is not closed under the semicircular deformation (|5.1[) 
while it is under the liberation process (|5.2[) . 

Throughout the rest of this section, let Xi , . . . , X„ be hyperfinite random multi- variables in 
(M, t) as treated in §4. 

Definition 5.1. Let v(<) = (vi(t), . . . ,v n (t)), t > 0, be a freely independent n-tuple of mul- 
tiplicative free unitary Brownian motions (see pQ) with i>;(0) = 1 chosen to be freely inde- 
pendent of Xi, . . . , X n . (We may always assume that such extra variables exist in (M,t).) 
Write Vi(t)~KiVi(t)* :— (vi(t)XnVi(t)* , . . . , Vi(t)X ir ^Vi(t)*) and define the modified orbital free 
entropy dimension of (Xi, . . . , X„) by 

r , v Y s r Yo r b(^i(£)Xn>i(g)*, . . . ,v n (e)X n v n (e)* : v(e)) 

O0,orb(-X-1, ■ ■ ■ , -X-nj = lim SUp T-pr . 

e\0 | log e 1 / 2 1 
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One may also define the orbital free entropy dimension <5 rb(Xi, . . . , X n ) in the same manner 
by using x or b(ui(e)Xifi(e)*, . . . , v n (e)X n v n (e)*) without the presence of v(e). However, we 
will deal with only <5o,orb in this paper. 

Remark 5.2. Let (X\, . . . ,X n ) be an n-tuplc of self-adjoint random variables and v a tuple 
of unitary random variables in (M, r) . The proof of Theorem 12.61 can be slightly modified to 
obtain 

n 

X (X 1 , . . . , X n : v) = XorhiXt, ...,X n :v)+J2 x(*i)- 

Applying this to {v 1 {e)X 1 vi{e)* , . . . ,v n (e)X n v n (e)*) and v(e) yields 
x{vi(e)X 1 v 1 (e)* 7 . . . ,v n (e)X„v n (e)* : v(e)) 

n 

= Xoib(vi{e)X 1 v 1 (e)* , . . . ,v n (e)X n v n (e)* : v(e)) +^x(^0- 

i—1 

Consequently, if x(A.;) > — oo for all 1 < i < n, then we have 

c ,y Y s ,. D xM^X^je)* , . . . , v n {s)X n v n (e)* : v(g)) 

Oo,orb(Ai, . . . , X n ) = hmsup -p- . 

E \o |logeV2| 

This formula might serve as the definition of i5o,orb for random variables (Xi, . . . , X n ) such 
that x{Xi) > — 00 f° r 1 < i < n. However, it does not make sense for hypcrfinitc random 
multi-variables (Xi, . . . , X„) since x( v i( e )^-i v i( £ )* U ■ ■ • Uu„(e)X n v ri (e)* : v(e)) = — oo as long 
as at least one of the Xj's is not a single variable. 

The next proposition summarizes properties of ^o.orb! are rather obvious. The as- 

sertion (4) says that <$o,orb(Xi, . . . , X„) can be regarded as the (modified) orbital free entropy 
dimension of the hypcrfinitc subalgebras W*(~Ki), . . . , W*(X. n ). Note that (6) is the orbital 
counterpart of [531 Proposition 6.10]. Also, note that (7) is the (5o i0 rb-counterpart of Proposi- 
tion [2j)l which slightly strengthens the second assertion of (6). 

Proposition 5.3. <5o,orb f or hyperfinite random multi-variables enjoys the following properties: 

(1) (5oorb(X) = for a single multi-variable X. 

(2) «o!arb(Xi,... J X„)<0. 

(3) <5o,orb(Xi, ■ ■ ■ ,X„) < <5o,orb(Xi, ■ ■ • ,Xfc) + 5o,orb(Xfe + i, . . . ,X„) for every 1 < k < n. 

(4) (5o,orb(Xi, . . . ,X„) depends only upon W*(Xi), . . . , W*(X n ). 

(5) If Yi, . . . , Y n are random multi-variables such that Y, C W*(X.t) for 1 < i < n, then 

^0,orb(Xi, . . . , X„) < ^Q,orb(Yl, . . . , Y„). 

(6) If Xorb(Xi, . . . ,X n ) > -oo, then 5o,orb(Xi, . . . , X„) = 0. In particular, 5 ,orb(Xi, 
X n ) = if Xi, . . . , X„ are freely independent. 

(7) If Xi is freely independent of X2, . . . , X n , then 

£o,orb(Xi, X2 . • • , X„) = <5o,orb(X2, . . . , X n ). 

Proof. Since % or b(X) = for a single X, (1) is contained in (6). (2) is trivial since Xorb(Xi, . . . , 
X„ : v) < for any Xi, . . . , X„ and v. (3) follows from the subadditivity (|4.6[) . 

(4) For 1 < i < n let X^ = {X' a , . . . , X' ir ,,^) be another random multi- variable with 
W(X^) = W*(X.i). To show the assertion, it suffices to prove the equality of the modified 
orbital free entropies 

Xorb(Xi, . . . ,X„ : v) = Xorb(Xi, . . . ,X' n : v) 
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in the presence of unitary random variables v. But the proofs of Propositions 12.81 and 14. 41 (5') 
can be easily modified to prove this, so the details are omitted. 

(5) follows immediately from (4) as in the proof of Proposition 14.41 (6) . 

(6) Since X«( v i( e )) > ~°° f° r every e > (see e.g., [26j Proposition 10.10]), Proposition 14.61 
shows that 

Xorb(wi(e)Xiui(e)*, . . . ,v n (e)X n v n (e)* : v(e)) > Xorb(Xi, . . . ,X„) 

for every e > 0, from which the desired assertion immediately follows. The latter assertion 
follows from Proposition 14.41 (8). 

(7) The proof of Proposition ^. 61 shows that for every m £ N and p > there is a S > such 
that 

^TiWrorbCXi :5i(J\0;JV,m,a)) 

< 7u(JV)(r(t;i(e)Xii;i(e)* : E 1 (N) : ui(e); N, m, pj) 

for all sufficiently large N. Since r or b(Xi : Si(iV); N, m, 6) is the whole YS(N) whenever N 
is large enough, ui(e)XxUi(e)* is regular in the presence of «i(e) as in Proposition 14.71 and 
Xorb(^i(e)Xii'i(e)* : v\(e)) = for every e > 0. Therefore, Proposition 14.71 shows that 

Xorb(wi(£)Xiv(e)*, u 2 (e)X 2 U2(e)*, ■ ■ ■ , w„(e)X„u„(e)* : v(e)) 

= Xorb(wi(e)Xiw(e)*, . . . , v n (e)X n v n (e)* : v 2 (e), . . . ,v n (e)) 

for every e > 0, which immediately implies the required equality. □ 

Now, we examine how Jung's covering/packing approach [121 113| to So works for <5o,orb in- 
troduced above. First, let us recall the notions of covering/packing numbers. Let (X,d) be 
a Polish space and Y C X. Consider T as a metric space with the restriction of rf on T. For 
each e > we denote by K e (Y) the minimum number of open e-balls covering T, and by P £ (Y) 
the maximum number of elements in a family of mutually disjoint open e-balls in T, where 
e-balls in Y are taken as subsets of Y. Those numbers will sometimes be denoted by K e (Y, d) 
and P e (Y,d) to emphasize the metric d. A subset {x s : s G S} of Y is called an e-net of Y if 
the open e-balls centered at x s , s € S, cover T, and also an e-separated set of Y if the e-balls 
centered at x s , s G S, are mutually disjoint. This definition is slightly different from that in 
[2"0] but consistent with the definition of packing numbers used here. Moreover, Af e (Y) stands 
for the open e-neighborhood of Y. Remark that P e (T) > K2 e (Y) > P4 e (r) holds in general, and 
thus if a lower/upper estimate for either K £ (Y) or P e (T) was proven, then the essentially same 
estimate for the other would immediately follow. 

On the space (Mf^) n (= W lN ) we consider the metric d 2 induced from the Hilbcrt-Schmidt 
norm with respect to trjy. 

Definition 5.4. Let Xi, . . . ,X ra and {Si(iV)}, . . . , {5„(A^)} be as in Definition ^. 51 Define the 
orbital fractal free entropy dimension of (Xi, . . . , X„) by 

di,orb(Xi, . . . ,X„) := hmsup : n = hmsup ; n, 

e\0 I log £ | £ \,0 |log£| 

where 

Kf^X!,...,^) := lim hmsup log X £ (r orb ((X ?; )r = i : (Sj(iV))™ =1 ; N, m, S)) 

and P° rb (X 1; . . . ,X„) is similar with P e in place of K e . Indeed, it is seen from the proof of 
LemmaEIlthat the definitions of K° rb (Xi, . . . ,X„), P° rb (X!, . . . ,X„) and hence ( 5^ orb (X 1 , . . . , 
X„) are independent of the choice of ({Si (AT)}, . . . , {S„(7V))}. 
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Let us then prove the equality So yOT b = <5i,orb- Indeed, the subtraction by n in the above 
definition of (Ji.orb is necessary to get this equality. To do so we need a lemma, which says that 
v(i) is regular; namely, we have the same value if limsup is replaced by liminf in the definition 
of x u (v(i)) (see §6.5]). Its proof is essentially same as in the case of self-adjoint variables 
(the large deviation principle in pj 5.4.10] might be important). 

Lemma 5.5. Let v(t), t > 0, be as in Definition \5.l\ Then for every t > 0, 



n 

liminf — log^ N) (T(v(t); N, m, 6)) = Xtl (v(t)) = £ *,(«i(t)). 

Proposition 5.6. 

<5o,orb(Xi, . . . , X„) = 5l,orb(Xl, . . . , X n ). 

Proof. The idea of the proof is similar to that in [13] . First, by [I] Lemma 8] there is a constant 
K > such that \\v % (t) - < lit 1 / 2 for all < t < 1. In what follows let C := /v 2 + 2, 
and let JV, ra 6 N and e, (5 > be arbitrary with restriction 6 < e < 1. Also let Sj(iV) be as in 
Definition 14.51 



First let us prove the inequality >. One can choose a 2(Cne) ^-separated subset {U 



Ns 



(CWLi -seS N } of r orb ((Xi)? =1 : (Si^^i^.m,*) with 

\Sn\ = P 2 ( C „ e )V 2 (r or b((X i )r = i : (Hi(iV))r =1 ;JV,m,i)). (5.3) 

(See the remark above Definition 15.41 for the terminology of "e-separated sets".) Define two 
probability measures Hn,vn on U(JV) n by 

: ~ o ^ (^u N i s the Dirac measure at Uat s G U(A r ) n ), 

_ 1 (g)7l I 

Write U = (Ui)f =1 G U(iV) n etc., and set 

fi(i\T,3m,£) := {(U,V) G U(iV) n x U(iV) n : (U.E^U*)^ and V are (3m, <5)-free}, 

$ s (N,3m,5) := {V G T(y(e);N,m,S) : (C^vrfSiW^)^! and V are (3m, «5)-free} 

for s G Sjv- Since j«jv ® ^at is invariant under the U(iV)-action (U,V) (U, WVW*) for 
W G U(iV), by LcmmarO](as [13 Corollary 2.14]) we have 

\ < (fi N <8> i/jv)(fi(iV, 3m, *)) = J_ £ 3m, «*)) 



■Sat | 



so that 



E 7^)(*a(JV,3m,<5)) > ^^h^trW^iV,™,*)) (5.4) 

s£S N 

whenever N is large enough. For every V = (Vi, . . . , V n ) £ T(v(e); N, m, 6) we get 

mU Nsi - C/jv 5i ||I itrjv = || Vi - I\\i tlN = tr N (2I -V t - V*) 
<T(21-Vi(e)-Vi(e)*) + 25 

< \\v i (e)-lf 00 + 2e<Ce (5.5) 
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so that d 2 (VUjv s ,Uiv s ) < {Cne) 1 ' 2 . Hence it follows that $ S (N, 3m, 8)XJ Ns ■= {VUjv s : V 6 
$> S (N, 3m, i5)} , s £ Sn, arc mutually disjoint. Furthermore, it is seen that for any p > we 
have 

□ $ s (N,3m,5)U Ns C r orb ((« 4 (e)X 4 « 4 ( £ )*)f =1 : (S^A^i : v(e); iV, m, p) (5.6) 
if a sufficiently small S G (0,e) was chosen. By (|5.6|) . (|5.4[) and (|5.3p we have 




n 
i=l 



thanks to Lemma [5.51 Note here that lim^o Xu(vi(e))/\ log e 1 / 2 1 = — f can be easily derived 
from Voiculcscu's computation [32J Proposition 6.3] based on [TJ Lemma 8] and Proposition 
1.6] since the spectrum of Vi(e) is concentrated in a very small arc around 1 for all sufficiently 
small e > (also see jTTJ Proposition 6.1]). Hence the above estimate implies the required 
inequality. 

Next let us prove the inequality <. Let U = {U l )'^ =l £ r orb ((w l (e)X l ?; l (£)*)™ =1 : (E t (N))f =1 : 
v(e); TV, 3m, 5), which is accompanied by another V = (Vi)"=i € r(v(e); N, 3m, S) by defini- 
tion. One easily observes that V*U = (V*Ui)2=x is in r orb ((Xi)? =1 : (E t (N))f =1 ; N,m,S). As 
similar to QEM we have d 2 (U, V*U) < {Cne) 1 / 2 . Hence r orb ((u/(e)Xi« i (e)*)f =1 : (Si(iV))f =1 : 
v(e); TV, 3m, 5) is included in A/"( Cn£ )i/2(r or b((Xi)™ =1 : (Ei(N))2 =1 ; N,m, S)). Now choose an 
s^-net {XJ> Ns : s £ S' N } of T orb ((X l )r =1 : (Z t {N))? =1 ; N, m, 5) with 

= AV/ 2 (r or b((X 4 )r =1 : (Hj(iV))" =1 ;iV , m, 5)). 

Then r orb (((w i (e)X i (?; i (e)*)f =1 : (Sj(iV))" =1 : v(e); JV, 3m, S) is clearly included in the union 
of the ((Cn) 1 / 2 + l) £ 1 / 2 -balls B ((Cn) i/2 +1 ) e i/2(U^ Vs ) centered at V Ns , s G S' N . By using the 
packing number estimate of U(AT) due to Szarek [19] one easily sees that there is a constant 
C > independent of iV so that 

7uw( B ((c n)1 /2 +1)£l /2(U^)) < (C^Cn) 1 / 2 + 1) £ V2)^ 

as long as e > is small enough. Therefore we get 

^(TorbC^i^XiViCe)*)^ : (S,;(A))™ =1 : v(e); iV, 3m, <5)) 

< ^(^(Cn^ + i)^)^ 2 , 

and hence 

^log7® ( l v) (r o rb((^( £ )X^( £ )*)? =1 : (H 4 (iV))« =1 : v(e); JV,3m,<5)) 
< ^logA £l/2 (rorb((X l )r =1 : (Z % (N)YU;N,mJ)) 
+ n\oge 1/2 +n\og{C'{{Cn) 1/2 + 1)). 
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Taking linim^oo.^o limsup^r^^ of both sides, we have 

Xorb(v 1 {e)X 1 v 1 (e)* , . . . ,v n (e)X n v n (e)* : v(e)) 

< K°^ 2 (X X , . . . ,X„) + nloge 1 / 2 + n\og{C {{Cnf 2 + 1)), 
from which the desired inequality immediately follows. □ 

Remark 5.7. The role of multiplicative free unitary Brownian motions Vi(t) is not so es- 
sential in the above proof of Proposition 15.61 In fact, besides the free independence as- 
sumption, we used only the facts that \\vi(t) — l\\oo _• lit 1 / 2 for small t > and that 
lim^o Xu(vi(e))/\ loge 1 / 2 ! = —1, while Lemma 15.51 is valid for general freely independent 
unitary random variables. Consequently, we notice that the definition #o,orb(Xi, . . . , X n ) in 
Definition 15.11 is equivalent when v(t) is replaced by, for example, (ey r ~ 1 ^ hl , . . . , e v/ ~ Tv/ *' 1 ™), 
where hi,...,h n are freely independent self-adjoint random variables with x{hi) > ~°° f° r 
1 < i < n chosen to be freely independent of Xi, . . . ,X„. The situation is similar to the case 
5q shown in |13j . 

The main result of this section is the following exact relation between So rb and the usual 

So- 

Theorem 5.8. 

n 

<5 (Xi U • • • U X„) = <5 ,orb(Xx, ...,X n )+J2 5 o(X. t ). 

i=i 

The rest of this section is devoted to the proof of the theorem. We will prove the part "<" 
first and next ">." The latter is more involved than the former. 

Let Sj(iV) be chosen for Xj, 1 < i < n, as in Definition 14.51 For JV,m6N and 5 > define 

r(X 1 U-.-UX„ : (Ei(N))2 =1 ;N,m,S) 

:= r(X x U • • ■ U X„; N, m, S) n {{U^{N)U* YU : (U u . . . , U n ) G U(JV) n }, (5.7) 
where UiB,i(N)U* is as in Definition 14. II We need the following simple lemma. 
Lemma 5.9. 

5o(X!U---UX n ) 

= Urn sup — — - ( lim lim sup log K e (r(Xi U ■ ■ • U X„ : (Hi {N))™ =1 ; N, to, 6)) ) . 

e\0 I 10g£| \m-nx>,5\0 N->oo ^ J 

The same formula holds also when K e is replaced by P £ . 

Proof. Thanks to Jung's covering/packing approach [13] to Sq with additional remarks [6l p. 455] 
and [TU Lemma 2.2], it suffices to show that for every to € N and e, S > there are an mo £ N 
and a So > such that 

r(X 1 U---UX„;iV,TOo, ( So) cA4(r(X 1 U---UX„ : {Ei(N))f =1 ;N,m,S)) 

for all sufficiently large N. But this can be easily verified by Lemma [L21 □ 



For a while fix an arbitrary 1 < i < n. In what follows we assume that W A *(X i ) has both 
diffuse and atomic parts since this case is most involved and needs all the ingredients of the 
proof. Let us decompose 

s(i) 
k=0 
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with s(i) € N U {00} such that Mio is diffuse and = M m . k (C) for fc > 1, and denote by Pik 
the central support projection of M%k, k > 0. By Jung's result J2] one has 



5 (X i ) = l-£ 



(5. 



fe=l 



We choose and fix a matrix unit system {e^g : 1 < a, (3 < m,fe} of M,fe = M„ lifc (C) for each 



fc > 1. Let £ e N be arbitrary, and write q\ .= 1 — J2k=o P ik w ^ S W A £ := min{s (£),•£}. 
We can choose, for any sufficiently large N <E N, positive integers nf^ (N) and rnf^(N) for 
< k < s(i) A £ such that n§(N) = m ik m { ^(N), fc > 1, and 

s(i)Ai 



nS9(N) 

lim ^ 7 = rfafc), 0<fc<s(z)A£. 
N—>oo ly 



(5.9) 



Moreover, choose orthogonal projections P^ k (N) £ Mjv(C) of rank n\J(N) for < fc < s(i) A £ 
so that we can identify 

i#> (i^M* (C)if > (iV) = M mik (C) ® Af m w (JV) (C) , 1 < fc < s(i) A £. 

Under this identification, we set 

for 1 < a, /? < and 1 < < s(z) A f . Also we set 

s(i)/\£ 

Q?\N):=I- £ if (iV). 

fe=0 

Now let us start the proof of the inequality < . For each <eN fixed, we enlarge the given 
multi- variables X$ = (Xa, . . . , X ir ^), 1 < i < n, as follows: 

s(i)/\£ / m ik \ 

^:=X,U [J eif,...,e^, £ \ 1 * ^ »■ 

fe=l V a,/3=l / 

Since W*(xf } ) = W*(Xi), Proposition 0(4) gives 

<5o,orb(Xi, . . . , X n ) = #0,orb(X^ , . . . , X^) 

Moreover, since X, C xf\ by [23 Theorem 4.3] one has 

5 (Xi U • ■ ■ U X„) < S Q (X{ £) U • ■ • U XW). 
The next lemma is plain to show by the use of Lemma 11.21 



(5.10) 
(5.11) 

Lemma 5.10. For each 1 < i < n and for any sufficiently large JVgN, one can find microstates 
$(N) € M™, 1 < j < r(i), in aucfc a way ftat H^fWIU < Moo, fte $(N)'a are 
contained in 



P$(N)M N (C)P$(N) 8 



s(i)Af 



AJ mifc (C)®CJ n 



fe=i 



'(TV) 



9 Qf\N)M N {C)QX\N), 
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and moreover 



gW(JV) := (^(JV),...,^{ (JV)) 



s(i)A£ 



a, 0=1 > 



fe=l 



converges in the distribution sense to as iV — > oo. 

Proof. For each 1 < i < n, from hypcrfinitencss one can choose an approximating sequence of 
microstates 

(6 (AO, ■ ■ ;trW(N)) U (P(N)) U □ (c{f(JV), • • . , CttlmjN), C W C^)) □ (Q(JV)) 



for 



fc=i 



s(i)Af 



a,/9=l / 



k=l 



with the norm condition || (^V) II oo < Halloo, 1 < j < r(£). Compare these P(N), Q(N), 

d k 2(NYs and C (fc) (^)'s with P$(N), Q ( f } (N), T$f>(N)'a and Y^%i iffiW* in mixed mo- 
mcnts. By Lemma [1.21 for sufficiently large N we then get unitaries Un which intertwine the two 
families approximately in the sense that \\UnP(N)U^ — P^ (N)\\ m ^ TN etc. go to as N — > oo 
for all m G N. Then one can get a new approximating sequence of microstates for XijPio, 



X ijq P (1 < j < r(i)) and eft 



((A:) 



(ifc) Y^™ ifc 



'1 < fc < s(i) A ^) by sending the 



£j (iV)'s via Ad U n and cutting with P^ (N) or Q\ c> (N) such that the part of those correspond 



ing to e-j^ 



ife) 



j ^m ik tn, k 



(ikl) , 



£™/3=i WafP (N) (1 < k < s(i) A €). Then the desired microstates can easily be made from 



0=1 °a/3 

=1 ^\N) (l<fc<, 

those 

Remark that the commutant of s\ (N) includes 

CP$(N) © 



(ikl) 



a 



s(i)At 

ci, 



fe=l 



© CQ.^G/V). 



We denote by (JV) the unitary group of this algebra, i.e., 



\j\ e \N) :=TP%>(N) 



s(i)Al 
fc=l 



We then have 



JV->oo TV 2 JV->oo TV 2 



£ 

fc=i 



r(pik) 2 



(5.12) 



(5.13) 



Consider the embedding 

n 

: ([Ui])? =1 G n U ( Ar )/ U ^( Ar ) " (UiEf\N)U:)U G (M^)" W , 
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where n(i) is the sum of the numbers of variables in for 1 < i < n and [C/j] denotes the coset 
determined by Ui £ \J(N). We introduce the "embedding" metric d 2 ,E on the homogeneous 
space I12=i U(JV)/U^(JV) by 

d %E Wi])U, (m)U) ■= ll*^(([^])2=i) - *$((\Vi])U)h,*» 

for ([Ui])f =1 ,([Vi\)2 =1 £ U2 =1 H{N)/U\ e> {N) with 17*, £ U(AT), 1 < i < n. Another natural 
metric on Yl7=i U(JV)/U^ (JV) is the quotient metric d 2 ,Q induced from d 2 on U(iV) by 

rf 2 ,Q([C/ 4 ]Li, Mr=i) := inf|d 2 ((^)r =1 , (W*)?=i) : (^)?=i ellufwj. 
It is plain to see that 

d 2 , E (mw=i, mm,) < ctdaaw&u, (5.14) 

for all m])U, m\)U G nr=i W/uf } (A0, where 

C e := 2n(£)max{||X i || 00 , m zk : 1 < k < s(i) M, 1 < i < n}. 
Viewing n"=i U(N)/uf } (7V) as \J{N) n /]J" =1 uf } (iV) we have the canonical quotient map 

71 

: U(JV) n -f J]U(AT)/Uf (N). 

i=l 

Now let e > be arbitrary, and note that the e-covcring number of T(X^ U • • ■ U xi? ] : 
(E\ e) (N))? =1 ;N 7 m,5) with respect to d 2 is equal to that of $$(r orb ((xf } )f =1 : (H?^ (-AT))^ =1 ; 

N,m,S)) with respect to cfo.s since isometrically maps the latter set to the former. By 
f|5 . 14[) we hence get 

^(xf'u-UXW : (Z?\N))? =1 ;N,m,S)) 

< ^ e ($W(r orb ((xf : (3f (N))^ i; N,m,6))), (5.15) 

where the above right-hand side is counted with respect to d 2 ,Q- Here we need the following 
simple (probably known) fact on the packing/covering numbers in homogeneous spaces. For 
the convenience of the reader we give it with a proof. 

Lemma 5.11. (cf. [19i Lemma 6]) Let G be a compact group with a bi-invariant metric d, and 
H be its closed subgroup. Let tt : G — > G/H be the canonical quotient map sending g € G to the 
coset gH, and equip G/H with the quotient metric dQ(giH, g 2 H) := min{d(f/i, g 2 h) : h £ H}. 
Then, for any T C G with ir^ 1 (ir(T)) = T and for every e > 0, one has 

K £ (T) > K £ (H) ■ F 2e (7r(r)) > K e (H) ■ K^T)). 

Proof. The ball centered at x of radius r in a metric space is denoted by B r (x) . One can choose 
an e-net {gi : i £ 1} of T with cardinality |/| = K S (T), and a 2e-separated set {g'j : j £ J} of 
7r(r) with cardinality \ J\ = P 2e . Let Ij := {i € I : B E (gi) n g'jH ^ 0} for j £ J; then it is clear 
that Ij 1 n Ij 2 = if ji ^ j2- On the other hand, {ffj -1 ^ : i £ Ij} gives an e-nct of H so that 
> Ke{H) for all j £ J. Hence K e (T) = \I\ > £\ £J > K ^( H ) ' p 2e{^))- Then the 
assertion follows thanks to the obvious relation between covering and packing numbers. □ 

By the above lemma and (|5.15[) we have 

K E (T(X{ 1) U...UXW; (E? \n))? =1 ; N, m, 5)) 
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/ „ \ -1 



< K {Ct/4)e (T olh ((X.V)U : (Z?\N))? =1 ;N,m,6)) ■ K (Ce/4)e [ ]Jvf\N) ) . (5.16) 
Identify 



\i=l 



n n / /s(i)Ai \ \ 

nuf ) w=n h n u k^w) * t 

i=l i=l V V fc=l / / 

in the obvious way, and consider the ^°°-product metric induced from j | - j 1 2 _ ti- it) on U(m,^ (iV)). 
Since the 's as well as £ are independent of N in (|5 . 1 2[) , this metric is clearly equivalent to 
the original metric d,2 (restricted on n™=i (-^0) uniformly in all sufficiently large AT. Then, 
by [5D1 Theorem 7] with the help of [TH1 Lemma 5], there is a constant C' e > independent of 
./V such that 

/« \ / r" \ E?=idimBU j ( ' ) (JV) 

.(C//4)e, 

as long as e > is small enough. By using (|5.16p . (|5.17[) and (|5. 13[) we thus get 

ton hmsup -L log K e (T(x[ e > U • • • U X« : (E^ (N))? =1 ; N, m, 6)) 

m— ► oo,d\,0 jv^oo iv 

< (X<< >, . . . , XC?>) + (log(§) + logs) EE^- 
By Lemma 15.91 (|5.11[) , Proposition 15.61 and (|5 . 1 0[) , this implies that 

*o(X 1 U--.UX n )<<y ,orb(X 1 ,...,X n )+n-y] V 

i=i k=i %k 

Since £ is arbitrary, we get the inequality < in Theorem 15.81 thanks to (|5.8[) . 

Let us turn to the proof of the inequality >. Keep an arbitrary £ G N. Since M^o is 
diffuse, one can choose , . . . , G M,o in such a way that p,-^ + • • • + = p^o an( l 
t(p^oi) = ••• = T"(Piot) ( = T (Pio)/^)- For 1 < i < n consider a new hyperfinite random 
multi- variables Yj in W*(Xj) given by 

«(i)A< / m ife \ 

vW-fflW „W)U I I e {lk) f ( ,k ) V e (ifc) \u(a (i) ) 

x i ■— \Pi01i ■ ■ ■ 'PmJ u |_| I e ll ' ' ■ ' ' c m lk m ik i 2-^i a/3 I U \1i )• 

fe=l V a,/3=l / 

Then, similarly to (|5 . 10[) one has 

*0,arb(Xi, . • . ,X„) = ^o.orbCXi U Vf,. . . , X„ U (5.18) 

On the other hand, one can apply [HI Corollary 4.2], a corollary of the so-called hyperfinite 
inequality due to Jung, to obtain the equality 

5 (Xi U • • • U X n ) = 5 (X! U Yf U • • • U X n U YW) (5.19) 

unlike the previous (jBTTTl) . Let n^(iV), P$(N) (0 < fc < s(i) A £), m$(N) (1 < k < s(i) A £) 
and Q\ e) (N) be as in the proof of the part "<." Moreover, for any sufficiently large N, one can 
choose n\l\(N), n\l\(N) G N so that 
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II 



(0 



(N) r( Pl0 ) 



lim ' iOkV-J = ^/ Kk<£. (5.20) 

Then, choose orthogonal projections P^liN) £ Mjv(C) of rank n^ k (N) for < k < I such 
that J2k=i Piol(N) = Pio (N). A special approximating microstates for Y-^ is given by 

:=(P^(N),...,P^(N)) 

s(i)A£ / m ik \ 

fe=l V a, /3=1 ) 

The next lemma is proven in the same way as Lemma fS-lOl so the details are left to the reader. 

Lemma 5.12. For 1 < i < n and for any sufficiently large N, one can find microstates sf (A^) 
for X, in such a way that ||sf ) (N)\\ 00 < UX*^ and sf } (N) U if ] (N) converges to X, U Y.f } 
in i/ie distribution sense as N — > oo. 

We denote by Tjf ' (AT) the unitary group of the commutant of sf ' (A 7 ") U Eif ' (AT) and by 
Ijf ^ (AT) that of the commutant of sf ' . Since the commutant of sf ' is 

©^(Ar)M JV (C)4tW 
fc=i 



the real dimension of V\ (AT) is 



C/ mjfc ®M m » (JV) (C) 
L fc=l 



©Qf ) (AT)M^(C)Qf(iV), 



f s(i)Ai / s(i)A£ \ 

dim K uf(AT) = ^nW(iV) 2 + £ m<J (AT) 2 + iV - r® (N) - £ n<$(N) 

fe=i fe=i V fe=i / 

so that by and (pT2T))) we have 



gzj^gffl ...^f.^JSfL. Ti ,ff. (5.21) 

f— >oo JV t z — ' "1 - 

k=l 



/ k 



Introduce the embeddings 

n 

■■ m\)U g Y[v(N)M e) (N) -> (u^iN) u if ) (7V))t/;); =1 e (m^)" w , 

i=l 
n 

: g Uv(n)/W\n) - (f/,(if ) (A^))c/;); =1 G (M^fW 

i=l 

where n(£) is the sum of the numbers of variables in Xj U Yf , 1 < i < n, and n{£) is that of 
variables in Y t , 1 < i < n. Moreover, we introduce the "embedding" metric d2.E in terms 
of and the quotient metric d2.Q on the homogeneous space n"=i U(AT)/Tjf \N) in the 
same way as in the proof of the part "<." The "embedding" metric d2.E in terms of "jf-* is 
also introduced on J[^ =1 U(AT)/uf \n). From the trivial inclusions Uf^AQ C Uf^AQ and 
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S^(iV) C S^(A/") U S^(iV), we have the well-defined surjectivc map 

n n 

{[Ui])U G nU(JV)/uf(iV) ' ^ «^»? =1 G IJUW/uf (AT) 

i=l i=l 

so that 

The next lemma is essentially [121 Lemma 5.4]. In fact, the argument there works well when 

©Li C ^o! © ©fc=i A£ M *k ® Cqf ) and zf } (N) here play the roles of M and tt there. Thus a 
chosen constant Ci depends only on m^, 1 < k < s(i) A £, 1 < i < n, as well as ^. 

Lemma 5.13. There is a constant Ci > independent of N such that 

for aii m)ru, m)u e nr=i w/uf (ao. 

Viewing niLi U(AT)/uf } (Ar) as U(Ar)"/II"=i uf } (iV) we have the canonical quotient map 

n 

^:U(JV) n -^nU(JV)/uf (AT), 
1=1 

and denote by //^ the left-invariant probability measure on 

riLi U(JV)/uf 5 (JV) induced from 
Tu(tv)- ^ n wna t follows, let e, (5 > be arbitrary with restriction <5 < e, and for AT, m G N we 
write for short 

r orb (e,iV,3m,<5) -^((^(^(XiUYf : 

T mh (N,m,S) :=r orb ((X 4 UY.| £) )r =1 : (E#> (AT) U §f (A0)? =1 ; AT, m, 5), 

T(N,m,8) :=r(X 1 UY^ ) U.--UX„UYW : («f \n) U S«(Af))? =1 : AT, m, 5) 

(see (|5 . 7[) ^ . The following inequality is trivial: 

y®? N) (T olh (s,N,3m,6)) < $\$ ( £>(T olh (e,N,3m,5))). (5.23) 

Assume (Ui)f =1 G r or b(e, AT, 3m, <5); then there is a (K)" =1 G r(v(e); AT, 3m, J) such that 
{V*U l )\ l =1 G r orb (Ar,m,<5) and hence for any £ G sf^AT) U sj^AT) we have 

||[/tfC/? - V*U^U*Vi\\ 2 ,tr N < 2R(Ce) 1 ' 2 

so that 

d*Am)U>WiVi])U) < 2R{n{l)Csfl\ 

where R := max{||Xi U Y^'ljoo, rriik '■ 1 < k < s(i) A £, 1 < i < n} and C > is the same 
constant as in the proof of Proposition 15.61 Therefore we get 

$^(r orb (e, N, 3m, 6)) c N Ls i/2 (*$ (r orb (Ar, m, <$))), 

where the right-hand side is the open ie 1 / 2 -ncighborhood of Y OT \ t {N,m,S) with respect to 
the metric d 2l E and L := 2R{n(t)C) 1 t 2 + 1. Here note that the e 1 / 2 -covering number of 
$^(r orb (A r , m, 5)) with respect to d 2 ,.E is equal to iT e i/a (T(N, m, <5)) with respect to d 2 (as 
noted just above (|5.16[) ). Hence the above inclusion immediately implies that 

^\^\T olb (e, N, 3m, 5))) < K E y 2 (T(N, m, 8)) • ^ } (Ball((L + l)^/ 2 , d 2 , E )), (5-24) 
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where Ball((L + l)e 1/2 , d 2 , E ) stands for the (L + l)e 1/2 -ball in n,"=i u CW)/ u f \ N ) with respect 
to c?2,s ■ The measure of this ball can be estimated from above by packing numbers as follows: 

1$ (Ball((L + l)*- 1 / 2 , d 2 , E ))- x > P {L+1)e ^ (j[ U(JV)/uf } (N), d 2 ,^j 

>P Ct (L+l)e^ (f[U(N)/JJ^(N),cb ,A 

The second and the third inequalities in the above follow from f|5 -22[) and Lemma T5. 131 respec- 
tively. Furthermore, the packing estimate due to Jung Q~2l Lemma 5.2 and §8] (based on [20] ) 
says that there is a constant C[ > independent of N such that 



Pc dL+ i )s u^m)/W\N),d 2 , Q j > [ Ct(L ^\ y/a 

as long as e > is small enough. Therefore we get 



l AT 2 -X;f =1 dim K E/f ) (Ar) 



^(BallCCL+l)^,^)) < ( ^±^_) (5.25) 



for all sufficiently small e > 0. 

Combining ([533]) - ([ix2"5]) and (pT21~j) altogether implies that 

limsup log7u(Ar)"(r o rb(£, N, 3m, 5)) 



N- 



< limsup— ^ log K^ /2 {T(N,m, 5)) 



-rfeo) 2 S< ^ e T{Vtk) 2 _ _ T( - ^ m^2^ ^,„__i/2 , ,_„ c H i + 1 ) 

i=l \ fc=l "" ife 



whenever e > is sufficiently small. Take lrnim^oo^N^o and then limsup e \^ after dividing by 
| loge 1//2 |; then by Lemma \5.9\ (|5.18|) . Proposition 15 . 61 and (|5.19p we have 



«y ,„rb(Xi,...,X n )<5o(XiU...UX n )-X; 1-^-- £ ™iL-r(^) 2 



i=l \ fc=l 
Hence the inequality > in Theorem 15.81 follows by taking I — > oo thanks to ([5 

6. Applications 

6.1. Immediate corollaries. The next corollary is immediate from Theorem 15.81 and (5)-(7) 
of Proposition [531 

Corollary 6.1. Let Xi, . . . , X„ be hyperfinite random multi-variables in (M, r). 

(1) IfY\, . . . , Y„ are random multi-variables such that Yj C M / *(X;) /or 1 < i < n, then 

n n 

5o(X a U • • • U X„) - «o(Xi) < <5 (Y! U • • • U Y„) - ^ <5 (Y). 

i=l i=l 

In addition, if W*(Yi) 's are all diffuse, then <5q(Xi U • • • U X„) < 8q(Y\ U • • • U Y n ). 
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(2) //% or b(Xi, . . . , X n ) > — oo, then <5o(Xi U ■ ■ • U X n ) = X)"=i ^o(Xi). In particular, this 
is the case if Xi , . . . , X„ are freely independent. 

(3) Let X be a hyperfinite random multi-variable and Y a general random multi-variable. 
//X is freely independent of Y, then 6q(X U Y) = <5o(X) + (5o(Y). 

The following is an immediate corollary of Theorem l5.8l too. But we note that it can also be 
shown by a direct method of estimating the covering numbers of orbital microstate spaces. 

Corollary 6.2. (General upper bound of <5o,orb) F° r an V n-tuple of hyperfinite self-adjoint 
multi-variables Xi, . . . , X n; 

<Vb(Xi, . . . ,X n ) < -(n - 1) * (W(Xi) n • • • n W*(X n )), 

and equality holds either when the X k 's are the same or when the X k 's are freely independent 
with amalgamation over their common subalgebra W*(Xi)n- • ■(!]¥* {X n ). Here, Sq(W* (Xi)C] 
• • • n W*(X n )) denotes the unique value of S (X) with W* (X) = W*(X 1 ) D • • • H W*{X n ) due 

to [12]. 

Proof. By Proposition 15. 3l f5) we have 

<5o,orb(Xi, . . . , X„) < 5o,orb(X, . . . , X), 

and the right-hand side is — (n— 1) #o(X) by Theorem l5.8l The second equality condition follows 
from [3]. □ 

6.2. Liberation process vs Sq. Let Xi, . . . , X n be an n-tuple of single self-adjoint random 
variables and Si, . . . , S n a standard semicircular system freely independent of X\, . . . , X n . Con- 
cerning the condition of X\, . . . ,X n having f.d.a. (i.e., finite-dimensional approximants) , it is 
known (see [7] 7.3.9] and [13]) that the following are all equivalent: 

• X\, . . . ,X n has f.d.a. (i.e., finite-dimensional approximants); 

• x(Xl + eSi, . . . ,X n + eS n ) > -oo for all e > 0; 

• <5(Xi, • • . ,X n ) > (also 8 (X U ...,X n )> 0); 

• S(Xi + eSi, . . . , X„ + eS„) = n (also 6 (Xi + eSi, X„ + eS„) = n) for all e > 0. 
The next proposition gives similar equivalent conditions in terms of the orbital theory. 

Proposition 6.3. LetX\, . . . ,X n be hyperfinite random multi-variables, and~v(t) — (vi(t))™ =1 , 
t > 0, be a freely independent n-tuple of free unitary Brownian motions that is freely independent 
of X\ U • • • U X n . Then the following conditions are equivalent: 

(i) Xi U ■ • • U X„ has f.d.a. 

(ii) Xorb(«i(e)Xiwi(e)*, . . . , v n (e)X n v n (e)*) > -oo for all e > 0. 
(hi) <5o,orb(Xi, . . . ,X„) > -oo. 

(iv) <5o,orb(Xi, . . . ,X„) > -n. 

(v) <So,orb(«i(e)XiUi(£)*,. . . ,v n (e)X n v n (e)*) = for all e > 0. 

Proof, (i) (iv). Note that (i) implies <5o(Xi U • • • U X„) > as mentioned above. Hence 
£o,orb(Xi, . . . , X„) > - Yh=i ^o(Xj) > -n by Theorem^ 
(iv) (hi) is trivial. 

(hi) =>■ (ii). Condition (hi) implies that there is a sequence Sk \ such that 

Xorb(wi(£fc) x i' y i( e fc)*: ■ ■ ■ ,v n (e k )X n v n (e k )*) 

> XoTb(vi(sk)XiVi(e k )*,...,v n (e k )X n v n (e k )* : v(e k )) > -oo. 

Hence (ii) follows if we see that Xorb(fi(i)X 1 v 1 (t)* , . . . ,v n (t)X n v n (t)*) is increasing in t > 0. 
To show this, let t > s > and set Wi(t,s) := Vi(t)vi(s)* , Yj := Uj(s)Xi«j(s)*. Note [T] that 
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Wi(t,s) has the same distribution as Vi (t — s) and is freely independent of Yi U • • ■ U Y„ . Hence 
we have 

Xorb(«l(*)Xi1>i(t)*, . . . ,V n (t)XnVn(t)*) 

= Xorb(tOl(*jS)YitUi(t,s)*, . . . , w n (t, s)Y n w n (t, s)*) 

> X orb(Y 1 ,...,Y n ) 

thanks to Proposition 14.61 

(ii) (v) is Proposition 15. 31 (6) . 

(v) (i). From (v) there is a sequence £j- \ such that 

Xorb(wi(efc)Xiui(e fc )*, . . . ,v n (e k )X n v n (e k )*) > -oo. 

Hence, for every m <G N, 5 > and fc £ N we have 

r arb ((« i (e fc )X i t; i (e fc )*)? =1 : (S ? ;(iV))" =1 ; TV, m, (5/2) ^ 

for sufficiently large iV, where Hj(iV) = (Cii(-^)j • • • , £i r (i)(N)), 1 < i < n, are chosen as in 
Definition g3] with ||£„-(A0||oo < ||^y||oo- Since v^e^X^v^ek) -> Xy strongly as k -> oo 
for 1 < j < with X, = (Xji, . . . , JQ r (j)), 1 < i < n, this implies that r^(Xi U ••• U 
X„; N, m, i5) for every R > max{ 1 1 Xy \ \ ^ : 1 < j < r(i), 1 < i < n} if N is sufficiently large, 
so (i) follows. □ 

The next corollary is immediate from Theorem 15.81 and the above proposition. 

Corollary 6.4. If Xi U • • • U X„ has f.d.a., then 

n 

6 {v 1 {e)X 1 v 1 {e)* U • • ■ U i;„(e)X„w n (e)*) = ^ 5 pC,-) 

for every e > 0. In particular, Sq is discontinuous at m i/ie liberation process. 

It might be worth mentioning that the above corollary provides another route toward Brown's 
observation [5] based on the liberation process instead of the semicircular deformation. 

6.3. Lower semicontinuity for 5q. The next lemma partially strengthens [T2J Lemma 7.3]. 

Lemma 6.5. Let X = (X±, . . , ,X r ) be hyperfinite self-adjoint multi-variables. If X^"' = 
(x[ k \ . . . ,Xr) is a sequence of {not necessarily hyperfinite) random multi-variables converging 
to X in mixed moments as k — > oo, then one has 

liminf <5 (X (fc) ) > <5 (X). 

k — *oo 

Proof. As same as in the proof of Theorem 15.81 we assume that W* (X) has both diffuse and 
atomic parts, and decompose 

s 

r(x) = 0M j 

3=0 

with possibly s — oo, where Mq is diffuse and Mj = M m .(C) for j > 1. Let Pj be the 
central support projection of Mj. Fix an arbitrary I € N, and one can choose projections 

p£\ i ■ ■ ■ ,Pm e M o in such a way that p£i H 1" Poe = Po an d t(Poi ) = • • • = T (Poi)- Define 

a finite-dimensional subalgebra Vt C W"(X) by 

i sAt 

»=i j'=i 



:s-l 
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with q(Q := 1 — Y^j^aPj- Here we choose and fix a matrix unit system {e^2}i< 



a,/3<mj 



Of 

- M mj (C) for f < j < s A I. For any element e chosen from p^} (1 < i < £), e^g 
(1 < a,/3 < rrij, 1 < j < s A ^) and <^ (altogether forming a matrix unit system of Vt) and 
for any (5 > 0, one can choose a non-commutative polynomial P of r indeterminates such that 
||e - P(X X , . . .,X r )\\ Tt2 < S. Then ||e - P(Zf \ . . . , X, (fc) )|| T , 2 < (5 for all sufficiently large k. 
This shows that, for every e > 0, one has Vt C$ W*(X.( kS> ) for all k large enough. (See |S] for 
the notation "Ca" .) Hence, by [5J Lemma 4] we see that, for every <eN and every e > 0, there 
is a fco € N such that for every k > ko one can find a new matrix unit system (depending on k) 
Poi (1 < i < i), e^g (1 < a,P < mj, 1 < j < s A ^) and g inside W*{X.^) satisfying 

i sl\l mj 

E^ + EE^ + ? = 1 

i— 1 j=l a— 1 

- e ai lla,T < e, 1 < « < m,-, 1 < j < s A t, 



and 



\\q-q ie) h,r <e. 

For every k> ko, since W*(X( fc )) has a subalgebra (depending on k) 



sA£ 



Cp 0i © Alg({e$ : 1 < a, /3 < mj}) 9 Cg, 



it follows from 



!=1 

Corollary 7.2] that 



5 (XW)>l-^r(p 0l ) 2 -E L 



i=l 



>l-£ 



t{po) 



3 = 1 

2 sAi 

E 

3=0 



(t(P3 



2m 3 e) 2 



' sl\l N 



(6.1) 



since 



^E 

2,t a=l 



J ol c la I 



< E - e<g)«gi|| a , r + ||e«(«$2 " eS)lla,r} 



< 2mje. 

Since the value of (|6.ip converges to <5o(X) = 1 — 5Z^=i r (Pj) 2 / TO j as e \ and then £ — > oo, 
we get the desired assertion. □ 

Remark 6.6. If X( fc ) C VF* (X) for all k is further assumed in the above lemma, the consequence 
becomes lim^oo <5o(X< fc )) = <5 (X) due to [HI Corollary 7.2]. 

Proposition 6.7. (Lower semicontinuity of <5o under convergence inside hyperfinite subalge- 
bras) Let Xj = (-X"»i, . . . , Xi r u\), 1 < i < n, be hyperfinite random multi-variables. For each 
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1 < i < n assume that xj = (X^\ . . . , X^^) C W*(X-i) is a sequence of hyperfinite random 
multi-variables converging to Xj in mixed moments as k — > oo. Then one has 



k 

Proof. We have 



liminf S (X.[ k) U ■ ■ • U X^) > <fo(X x U ■ • • U X n ). 



liminf ^(X^ U • • • U XW) = liminf <5 orb . (x( fe) , . . . ,X») + V ^(X^) 

k—*oc k — >-oo \ L — * 



> liminf J O rt>,0 (X 1 ,...,X„) + > S (Xf> 

k— »oo \ z — * 

\ i=l 

n 

> <5 orbl o(Xi, ...,X n ) + V liminf <5 (xf } ) 

z — J k-^oo 



(X 1 ,...,X„) + ^^o(X l ) 



1=1 

= <y (Xiu-..ux n ), 

where the first and the last equalities are due to Theorem 15.81 the second inequality is Propo- 
sition [521(5) and the last inequality is Lemma [531 □ 

Remark 6.8. ft is worth pointing out that the invariance of So for hyperfinite von Neumann 
algebras, a corollary of Jung's result [12] , can also be shown from Lemma 16.51 and the argument 
in [551 Remark 6.13] (together with [551 Theorem 4.3 and Corollary 4.5]). Similarly, Proposition 
16.71 and the same pattern of argument show that if Xi , . . . , X n and X^ , . . . , X^ arc hyperfinite 
random multi- variables and 14 7 *(X i ) = W*(X.' i ) for 1 < i < n, then #o(Xi U • • • U X n ) = 
^(X^ U • • ■ U XJJ holds. In fact, this is a "part" of [TH Corollary 4.2] and also a consequence of 
Theorem 15 . 81 and Proposition 15 . 3l f4) . However, those two results of Jung [T2j[T4] were crucially 
used in the proofs of Lemma 16.51 and Theorem 15.81 while it is desirable to prove Theorem 15.81 
without the use of the hyperfinite inequality in [14] . Our discussion on lower semicontinuity for 
5q should be regarded as a kind of "converse argument" of [551 Remark 6.13], thus suggesting 
that a kind of lower semicontinuity for So is essentially equivalent to the affirmative solution of 
"the entropy dimension problem" in [27l §2.6]. 



6.4. A few remarks on definitions of So and (So. orb- In the course of proving Theorem [ 
we examined several ideas and observed some small facts concerning the free entropy dimension 
So and Voiculcscu's liberation process, which may be of independent interest. Here we give a 
brief summary of them. 

Let X±, . . . , X n be non-commutative self-adjoint random variables in a tracial W* -probability 
space, and we choose a freely independent n-tuple of free multiplicative unitary Brownian 
motions v(i) = (ufe(t))^_ 1 , t > 0. The next proposition can be shown directly by an argument 
as in the part "<" of Proposition l5. 61 applied to x rather than Xorb while we will derive it simply 
from Theorem 15.81 

Proposition 6.9. With the above assumption, 

,,. „ x{vi{.e)XiVi{e)\...,v n {e)X n v n (e)* : v(e)) 

n + hmsup -p- < d a 1 ,...,A„ . 

e\o | log e 1 ' 1 1 

Furthermore, if x(Xi) > — oo for all 1 < i < n, then equality holds and So(Xi, . . . , X n ) = 
<5o,orb(^i, ■ ■ ■ j Xn) + n. 
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Proof. One has nothing to do when x(Xi) = — oo for some i since the x m the left-hand side 
always becomes — oo. Thus we may and do assume x(Xi) > —oo for all 1 < i < n. By Remark 
15.21 the left-hand side is nothing but n + So l0 ib(Xi, ■ ■ ■ ,X n ), and hence the assertion follows 
from Theorem 15.81 thanks to So(Xi) = 1 (see [22j Proposition 6.3] and [23l Corollary 6.7]). □ 

Hence, no difference occurs even if the semicircular deformation is replaced by the liberation 
process in the definition of Sq when all x(Xi) are finite. Furthermore, we can prove the following: 

Proposition 6.10. IfS — (Si)" =1 is a free semicircular system freely independent of the other 
random variables, then 

8o(Xi, . . . , X n ) 

, .. xMe)(Xi +e 1 / 2 S 1 )v 1 (e)*,..., v n (e)(X n + e l ' 2 S n )v n (e)* :SUv(e)) 

= n + lim sup — . 

e\0 | log e 1 / 2 1 

Proof. (Sketch) Fix < S < e < 1 arbitrarily and let R > maxi< t < n ||^;||oo + 2. We write 

T{s,N,3m,6/2 m ) ■.^Y R ({v l {e){X l +e 1 / 2 S l )v l {e)*YU : S U v(e); N, 3m, S/2 m ), 
T(N,m,6) :=T R ((X^ =l] N,m,6). 



By an essentially same argument as in the part "<" of Proposition 15.61 one can prove that 
r(e, N, 3m, 6/2 m ) is included in Af^ e i/2 {T(N, m, 5)) with respect to d^ (the metric induced from 
trjy-) with some constant L > 0. Then one has 

A% n (T(t, N, 3m, 7 /2" 1 )) < K e y 2 (T(N, m, 7 )) ■ A®"(BaU((i + l)e^ 2 , d 2 ). 

From this one can derive the inequality > for the desired equality similarly to the part "<" of 
Proposition 15.61 On the other hand, we can modify the proof of Proposition 14.61 to show the 
inequality 

+ £ 1/2 SiM£)*, . . .,v n (e){X„ + e 1 / 2 S n )v n {e)* : S U v(t)) 
> X (X 1 +e 1 / 2 S 1> ... > X n + s 1 / 2 S n :S), 
which gives the reverse inequality. □ 

Proposition 6.11. With the same assumption as Provosition \6.1(A 

^0,orb(^l, ■ ■ ■ j X n ) 

X«b(vi(e)(*i + £ 1/2 ^i)«i(e)*, ■ ■ ■ , v n {e)(X n + e 1 ' 2 S n )v n (t)* : S U v(e)) 
= lim sup m . 

Proof. (Sketch) The proofs of Lemma \2. 41 and Theorem 12.61 can slightly be modified to show 
the equality 

X(«i(e)(*i + e^SiMe)*, . . .,v n (e)(X n + e^ 2 S n )v n (ey : S U v(e)) 

= Xorb(«i(e)(^i + e 1/2 S 1 )v 1 (e)\ . . . ,v„(e){X n + e 1/2 S n )v n (e)* : S U v(e)) 

n 

+ y £x(X l +e 1/2 S l ). 

i=X 

Hence the desired formula follows from Theorem 15.81 and Proposition 16. 101 thanks to So(Xi) = 
1 + lim £X0 x{X l + s 1/2 S,)/\ loge 1 / 2 ! by [H Proposition 6.3]. □ 
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We were interested in the formulas in Propositions 16.101 and 16.111 because those together 
immediately imply Theorem 15.81 for self-adjoint variables Xi, . . . , X n . But the direct proof of 
Proposition 16. 1 ll seems difficult since the orbital theory does not fit well in additive operations 
like the semicircular deformation. 
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